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Abstract 

Let $ be a concave function on (0, cxi) of strictly lower type p$ G (0, 1] and lo G AJ2,'^(R") (the 
class of local weights introduced by V. S. Rychkov). We introduce the weighted local Orlicz-Hardy 
space /i*(R") via the local grand maximal function. Let p{i) = t~^/$~^(i~^) for all t € (0, co). 
We also introduce the BMO-type space bmOp,aj(R") and establish the duality between /i*(R") 
and bniOp,cj(R"). Characterizations of /i*(R"), including the atomic characterization, the local 
vertical and the local nontangential maximal function characterizations, are presented. Using 
the atomic characterization, we prove the existence of finite atomic decompositions achieving 
the norm in some dense subspaces of /i*(R"), from which, we further deduce that for a given 
admissible triplet (p, q, s)uj and a /?- quasi- Banach space Bp with /3 G (0, 1], if T is a B,3-sublinear 
operator, and maps all (p, q, s)uj-&toms and (p, g)tj -single- atoms with g < oo (or all continuous 
(p, q, s)cj-atoms with q = cx)) into uniformly bounded elements of Bp, then T uniquely extends 
to a bounded S/j-sublinear operator from /i*(R") to Bp. As applications, we show that the 
local Riesz transforms are bounded on /i*(R"), the local fractional integrals are bounded from 
/l^p(R") to L^,(M") when g > 1 and from /lf|,p(IR") to /i^,(K") when g < 1, and some pseudo- 
differential operators are also bounded on both ft*(R"). All results for any general $ even when 
a; = 1 are new. 
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1. Introduction 

It is well known that the theory of the classical local Hardy spaces, originally introduced 
by Goldberg |TS] . plays an important role in partial differential equations and harmonic 
analysis; see, for example, [TSl [SI |131 [SIl [521 liS] and their references. In particular, pseudo- 
differential operators are bounded on local Hardy spaces /iP(K") with p e (0, 1], but they 
are not bounded on Hardy spaces Hp{W) with p e (0, 1]; see [H] (also [51[S3]). In [B], Bui 
studied the weighted version /i^(K") of the local Hardy space hP{W) with a; e Aoo(M"), 
where and in what follows, Aq{M."') for q G [l,oo] denotes the class of Muckenhoup's 
weights; see, for example, |17] for their definitions and properties. 

Rychkov [43] introduced and studied a class of local weights, denoted by A^^ (M") 
(see also Definition 12.11 below) , and the weighted Besov-Lipschitz spaces and Triebel- 
Lizorkin spaces with weights belonging to A]^ (K"), which contains Aoo(]R") weights and 
exponential weights introduced by Schott [44] as special cases. In particular, Rychkov 
[43] generalized some of the theory of weighted local Hardy spaces developed by Bui 
[6] to A]^ (M") weights. In fact, Rychkov established the local vertical and the local 
nontangential maximal function characterizations of weighted local Hardy spaces with 
^loc ^jjn") weights. Very recently. Tang [32] established the weighted atomic decomposition 
characterization of the weighted local Hardy space /i^(M") with tu G A^^ {M") via the 
local grand maximal function. Motivated by [5., Tang also established some criterions 
for boundedness of S^-sublinear operators on /i^(IR") (see Section [Sj for the notion of 
B/3-sublinear operators, which was first introduced in [5B]). As applications. Tang [121 
[50] proved that some strongly singular integrals, pseudo-differential operators and their 
commutators are bounded on hPj{W^). It is worth pointing out that in recent years, many 
papers are focused on criterions for boundedness of (sub)linear operators on various 
Hardy spaces with different underlying spaces (see, for example, [H [33 [53 [5] [201 ISH [HI 
149] )■ and on entropy and approximation numbers of embeddings of function spaces with 
Muckenhoupt weight (see, for example, [211 [221 [251 [2Ij ) . 

It is also well known that the classical BMO space (the space of functions with bounded 
mean oscillation) originally introduced by John and Nirenberg [29' and the classical 
Morrey space originally introduced by Morrey .37] play an important role in the study of 
partial differential equations and harmonic analysis; see, for example, [T51 [TTl [TH [3S] . In 
particular, Fefferman and Stein [T3] proved that BMO(K") is the dual space of the Hardy 
space i/^(R"). Moveover, Goldberg [TS] introduced the space bmo(M") and proved that 
bmo(M") is the dual space of the local Hardy space /i^(R"). 

On the other hand, as the generalization of LP{W^), the Orlicz space was introduced 
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6 D. Yang and S. Yang 

by Birnbaum-Orlicz in ^ and Orlicz in ^\, since then, the theory of the Orhcz spaces 
themselves has been well developed and these spaces have been widely used in probability, 
statistics, potential theory, partial differential equations, as well as harmonic analysis and 
some other fields of analysis; see, for example, [101 HH H [Ml 121] ■ Moreover, Orlicz-Hardy 
spaces are also suitable substitutes of the Orlicz spaces in dealing with many problems of 
analysis; see, for example, [m EH HH [57] • Recall that Orlicz-Hardy spaces and their dual 
spaces were studied by Janson [3S] on K" and Viviani [SF on spaces of homogeneous type 
in the sense of Coifman and Weiss [TU]- Recently, Orlicz-Hardy spaces associated with 
some differential operators and their dual spaces were introduced and studied in [5H1 ^7\ . 
Let uj £ A^^ (K"), $ be a concave function on (0, oo) of strictly lower type p$ G (0, 1] 
(see (|2.6p below for the definition) and 

p(i)^t-V$-i(t-i) 

for all t G (0, oo), where <i>~^ is the inverse function of $. A typical example of such Orlicz 
functions is $(t) = tP for aU t e (0, oo) and p G (0, 1]. Motivated by [43l [Ml [HI |28l [2Il [^ , 
in this paper, we introduce the weighted local Orlicz-Hardy space /iJ(R") via the local 
grand maximal function. We also introduce the BMO-type space bm0p_ij(M") and estab- 
lish the duality between ft,J(IR") and bmOp^ij(M"). Characterizations of /iJ(R"), including 
the atomic characterization, the local vertical and the local nontangential maximal func- 
tion characterizations, are presented. Using the atomic characterization, we prove the 
existence of finite atomic decompositions achieving the norm in some dense subspaces of 
/i*(]R"), from which, we further deduce that for a given admissible triplet (p, q, s)ui and 
a /3-quasi-Banach space Bf^ with /? e (0, 1], if T is a S/j-sublinear operator, and maps 
all {p, q, s)i^-atonis and {p, g)i^-single-atonis with q < oo (or all continuous (p, q, s)^- 
atoms with q = oo) into uniformly bounded elements of Bp, then T uniquely extends to 
a bounded S^-sublinear operator from /i*(R") to Bf^. As applications, we show that the 
local Riesz transforms are bounded on h'^(W"-), the local fractional integrals are bounded 
from /i£,p(R") to i2„(R") when g > 1 and from hl„{W) to /i^<,(M") when g < 1, and 
some pseudo-differential operators are also bounded on both /i*(R") and bm0p^(^(R"). 
We point out that the Orlicz-Hardy spaces /iJ(R") include the classical local Hardy 
spaces of Goldberg [TH] , the weighted local Hardy spaces of Bui [S] and the weighted lo- 
cal Hardy spaces of Tang [i^ as special cases. Moreover, the method of obtaining atomic 
decompositions used in this paper (see the proof of Theorem 15.61 below) is different from 
the classical methods in [THl [5]. Indeed, following Bownik [3] (see also US]), we give 
a direct proof for the weighted atomic characterization of /iJ(R"), without invoking the 
atomic characterization of if *(R"). All results of this paper for any general $ even when 
a; = 1 are new. 

Precisely, this paper is organized as follows. In Section[51 we first recall some definitions 
and notation concerning local weights introduced in |43[ 149] , then describe some basic 
assumptions and present some properties of Orlicz functions considered in this paper. 

In Section [21 we first introduce the weighted local Orlicz-Hardy space /i* jv(^") ^'^^ 
the local grand maximal function, and then the weighted atomic local Orlicz-Hardy space 
/i£'*''*(R") for any admissible triplet (p, g, s)i^ (see Definition 13.41 below). We point out 
that when ^{t) = t^ for all t £ (0,oo) and p £ (0, 1], the weighted local Orlicz-Hardy 
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space /i* Ar(]R") is just the weighted local Hardy space h^^ ^(K") introduced by Tang in 
|49| . Next, we establish the local vertical and the local nontangential maximal function 
characterizations of /ij Ar(lR") via a local Calderon reproducing formula and some useful 
estimates established by Rychkov [l^, which generalizes 031 Theorem 2.24] by taking 
${i) = fP for all t e (0, oo) and p G (0, 1]; see Theorems EH] and [Xll and Remark EH 
below. Finally, we present some properties of these weighted local Orlicz-Hardy spaces 
/i* jv(IK^") a-iid weighted atomic local Orlicz-Hardy spaces ft,£'''''*(IR"). 

Throughout the whole paper, as usual, 2?(R") denotes the set of all C°°(R") functions 
on R" with compact support, endowed with the inductive limit topology, and 2?'(R") its 
topological dual space, endowed with the weak *-topology. Let \r\ for any r G K denote 
the maximal integer not more than r. In Sectional for any given / G 'D'iW^), integer 

s > [n{q^/p^ - 1)J 

and A > inf2,gR,^ Q^ ^{f){x), where q^^, p^ and t/^ ^(/) are respectively as in (|2.4p . (|2.6p 

and dSIll) below, and R = 2^^^°+"\ following [Ml O E iS] , via a Whitney decomposition 
of fix in (|4.ip . we obtain the Calderon-Zygmund decomposition f = g + J^i bi in 2?'(R") 
of degree s and height A associated with the local grand maximal function Qj^ »(/)• The 
main task of Section |4| is to establish some subtle estimates for g and {bi}i. Precisely, 
Lemmas 14.21 through 14.51 are estimates on {bi}i, the bad part of /, while Lemmas 14.61 
and 14.71 on g, the good part of /. As an application of these estimates, we obtain the 
density of L« (R") n/i* ^(R") in ft.* ^(R"), where g G (9^^,00) (see Corollary EH below). 
Differently from the proof of [49j Lemma 4.9], via an application of the boundedness of 
the local vector-valued Hardy-Littlewood maximal operator obtained by Rychkov [33] 
(see also Lemma [3. 101 below), our Lemma H771 below improves [JHl Lemma 4.9] even when 
$(i) = tP for all t G (0, 00) and p G (0, 1], which is necessary for Corollarv 14.81 
In Section [5l we prove that for any given admissible triplet (p, q, s)ui, 

ft^''''^(R") = ft*^(R") 

with equivalent norms when positive integer N > iV$. ^^ (see p.25p below for the definition 
of N^^i^), by using the Calderon-Zygmund decomposition and some subtle estimates 
obtained in Section (H which completely covers !^j Theorem 5.1] by taking $(i) = t^ for 
all p G (0, 1] and t G (0, 00); see Theorem 15. 61 and Remark 15.71 below . It is worth pointing 
out that we show Theorem 15.61 by a way different from the methods in [THl [^ , but close 
to those in [31[S1]31]. For simplicity, in the rest of this introduction, we denote by /iJ(M") 
the weighted local Orlicz-Hardy space ftj jy(R") with N > N^^^. 

Assume that (p, q, s)^ is an admissible triplet. Let ^^' fi'n(R") be the space of all 
finite linear combinations of {p, q, s)^-atoms and {p, q)^- single- atoms (see Definition 
16.11 below), and h^^^'^cO^") ^^^ space of all f G ^^' g'n*'(IR") with compact support. In 
Section [HI we prove that || • ||h'''«.' "(K") and || • ||h'i'(Ri.) are equivalent quasi-norms on 
^tj'finC^") "when q < cx), and || • H/iP-T' ^(B") a-nd || • ||h'i'(K") are equivalent quasi-norms 
on ^Ji' fin^c(^") ^ C{W"') when q = 00 (see Theorem 16.21 below). As an application, we 
prove that for a given admissible triplet {p, q, s)aj and a /3-quasi-Banach space Bp with 
/3 G (0, 1], if $ has a upper type p satisfying < p < /3, and T is a S^-sublinear operator 
mapping all (p, q, s)i^-atoms and {p, (7)ij-single-atoms with q G (quj, 00) (or all continuous 
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(p, q, s)(j-atonis with q = oo) into uniformly bounded elements of Bp, then T uniquely 
extends to a bounded S^-sublinear operator from ft,*(E") to Bjs which coincides with T 
on these {p, q, s)(^-atoms and (p, (7)tj-single-atoms; see Theorem 16.41 below. We remark 
that this extends both the results of Meda-Sjogren-Vallarino [21] and Yang-Zhou [37^ to 
the setting of weighted local Orlicz-Hardy spaces. We also point out that Theorem 16. 2( i) 
and Theorem I6.4( i) below completely cover [121 Theorem 6.1] and [13 Theorem 6.2], 
respectively, by taking $(i) = t^ for all t S (0,c») and p G (0,1]; and Theorem 16. 2f ii) 
and Theorem 16. 4( ii) below are new even for ^{t) = t^ with t S (0, oo) and p S (0, 1]; see 
Remark 16.51 below. 

Let (/9, q, s)^ be an admissible triplet, q' the dual exponent of q and quj the critical 
index of w. In Section [71 we introduce the BMO-type space bmo^ ^^(R") and prove that 

where [hPji'^M")]* denotes the dual space of /i£''?'^(R"); see Theorem [73] below. Denote 
bmo^ cj(-'^") simply by bmOp^t^(M"). As applications of Theorems l5.6l and l7.5l we see that 
for q G [1, — ^3]-), bmo^ (.j(^") — bmOp^tj(M") with equivalent norms and 

[/iJ(M")]*=bmOp,^(]R"); 

see Corollaries 17.61 and 17.71 below. 

In Section \E\ as applications of Theorem 16.21 we obtain the boundedness of some 
operators from /iJ(R") to some /3-quasi-Banach space Bjs with /? £ (0, 1]. First, we prove 
that the local Riesz transforms are bounded on /iJ(R") ii p<s> = pj and ()2.5p holds for pj 
with t € [l,C!o) (see Section [2] below for the definitions of pj), which completely covers 
[49l Lemma 8.3] by taking $(t) = t for all t £ (0, oo); see Theorem 18.21 and Remark 
18.41 below. Then we introduce the local fractional integral operator P°'^ and show that 
/i°^ is bounded from /i^p(IR") to L«.(R") when a £ (0,n), p £ [^M i = i - ^, 
and a; "'--"-'■" £ A^"'^ (R") for some r £ {:p[^, oo) and J^„ [uj(x)]p da; = oo (see Theorem 
18.101 below): furthermore, when a £ (0,1), p £ (0, ;7t^], ~ = ~ ~ n^ ^^"^ ^ satisfies the 
same conditions, we prove that P°'^ is bounded from /i^p(R") to /i^<j(R") (see Theorem 
18.111 below) . To the best of our knowledge. Theorems 18.101 and 18.111 are new even when 
w = 1. Finally, let w £ Aao{4>) which was introduced by Tang [50] (see also Definition l8.13l 
below) and T be an Sf q{S.^) pseudo-differential operator. We prove that T is bounded 
on /i*(R") if p* = pI and dH]) holds for p+ with t £ [1, oo); see Theorem JHIH] below. We 
point out that A^icj)) C A^^"" (R") but A^{(j)) D Aoo(R"). We also remark that Theorem 
18. 181 below extends [IHl Theorem 4] to the setting of weighted local Orlicz-Hardy spaces, 
and completely covers [491 Theorem 7.3] by taking $(t) = t^ for all t £ (0,oo) and 
p £ (0, 1] and also [32 Theorem 2] by taking $(t) ee t for all t £ (0,oo) and w £ ^i(M"); 
see Remark 18.191 below. As an application of Theorems 17.51 and I8.18| we also obtain that 
T is bounded on bmOp,(^(R"); see Corollarv 18.201 below. 

A main motivation of this paper is to pave the way for the study of weighted Orlicz- 
Hardy spaces associated with divergence operators on strongly Lipschitz domains of M". 
The corresponding Hardy spaces associated with divergence operators on strongly Lips- 
chitz domains of M" were originally studied by Auscher and Russ [T] , where the atomic 
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characterization of the classical Hardy spaces plays a key role. Earlier works on Hardy 
spaces on domains can be found, for example, in |3I1 [13 |H1 HI [SI] . It was shown in these 
papers that the theory of Hardy spaces on domains plays an important role in partial 
differential equations and harmonic analysis. 

Finally we make some conventions on notation. Throughout the whole paper, we 
denote by C a positive constant which is independent of the main parameters, but it may 
vary from line to line. We also use C(7, /?,•••) to denote a positive constant depending on 
the indicated parameters ^ , (3, ■ ■ ■ . The symbol A < B means that A < CB. li A< B and 
B < A^ then we write A ^ B. The symbol [sj for s G R denotes the maximal integer not 
more than s. For any given normed spaces A and B with the corresponding norms || • ||^ 
and II • lie, the symbol A C B means that for all f & A, then f £ B and ||/||b < ll/IU- For 
any subset G of R", we denote by G the set M" \ G; for a measurable set E, denote by 
Xe the characteristic function of E. We also set N = {1, 2, • • • } and Z+ = N U {0}. For 
any 61 = (6li, ... , 6'„) e Z'|, let \e\ = 9i + ■ ■ ■ + 6,, and 9^ = sf|"' .„ ■ Given a function 

g on R", if /j^„ g{x) dx ^ 0, let Lg = —1; otherwise, let Lg £ Z+ be the maximal integer 
such that g has vanishing moments up to order Lg, namely, J^„ g{x)x"' dx = for all 
multi-indices a with |a| < L„. 



2. Preliminaries 

In this section, we first recall some notions and notation concerning local weights intro- 
duced in [431 149) , then describe some basic assumptions and present some properties of 
Orlicz functions considered in this paper. 

2.1. yl'°'^ (R") weights. In this subsection, we recall some notions and properties of 
the local weights. Let Q be a cube in M" and we denote its Lebesgue measure by |Q|. 
Throughout the whole paper, all cubes are assumed to be closed and their sides parallel 
to the coordinate axes. 

Definition 2.1. Let p e (l,oo). The weight class A^°^ (R") is defined to be the set of 
all nonnegative locally integrable functions uj on M" such that 

4- (u) ^ sup -1- / Loix) dx( f Hy)]-P'/P dyV' < 00, (2.1) 

iQi<i \wr Jq \Jq / 

where the supremum is taken over all cubes Q C R" with IQI < 1 and - + ^ = 1. 

When p = 1, the weight class ^4'°'^ (R") is defined to be the set of all nonnegative 
locally integrable functions cj on R" such that 

v4']°'^ (w) EE sup — - / uj{x)dxi esssup[w(j/)]"M < 00, (2.2) 

|Q|<i \Q\ Jq \ yeQ J 

where the supremum is taken over all cubes Q C R" with \Q\ < 1. 

When p = 00, the weight class A]^ (R" ) is defined to be the set of all nonnegative 
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locally integrable functions uj on M" such that for any a E (0,1 

w(Q) 



A'^^ (w; a) = sup 
IQI<i 



FcQ,|-F|>q|Q| ^[-t' ) 



<oo, (2.3) 



where F runs through all measurable sets in R" with the indicated properties, the supre- 
mum is taken over all cubes Q C M" with \Q\ < 1 and uj{Q) = Jq Ld{x) dx. 

Remark 2.2. (i) We point out that the weight class A^°^ (M") for p g (1, oo] was intro- 
duced by Rychkov f23^ and A^°^ (M") by Tang [IH]. By Holder's inequality, we see that 
A^°;; (M") C A^°^ (M") C ^1^^= (M"), if 1 < pi < P2 < oo. Conversely, it was proved in 031 
Lemma 1.3] that if a; e A^^ (R"), then u e A^°'' (R") for some p e (1, oo). Thus, we have 
Ai-(R") = Ui<p<oo4°^(IR"). 

(ii) For any constant C G (0,cx)), the condition \Q\ < 1 can be replaced by \Q\ < C 
in dH]), (H^ and (H^; see [Ml Remark 1.5]. In this case, A^°'= (w) with p e [l,cx)) and 
A^^ (w, a) depend on C. 

In what follows, Q{x, t) denotes the closed cube centered at x and of the sidelength t. 
Similarly, given Q = Q{x, t) and A € (0, oo), we write XQ for the X-dilated cube, which is 
the cube with the same center x and with sidelength Xt. Given a Lebesgue measurable 
set E and a weight cj e A|2,'=(R"), let uj{E) = Jj^u{x)dx. For any w e Aj^<=(R"), the 
space LP (R") with p G (0, oo) denotes the set of all measurable functions / such that 

I1/I1l£(E..) ^ I / \fix)\M^)dx\ <(X3, 



and L2^(M") = L°°(R"). The space Li^°°(R") denotes the set of aU measurable functions 
/ such that 

Wfhl-'-iM'^) ^ sup{Aa;({x € R" : \f{x)\ > A})} < c^. 

For a positive constant C, any locally integrable function / and x G R", the local Hardy- 
Littlewood maximal function Af 1?*^ (/) is defined by 



M'9^f){x)^ 



sup T7^^ \f{y)\dy, 
x,\Q\<c \^\ JQ 



c 

QBx,\Q\< 

where the supremum is taken over all cubes Q C R" such that Q 3 x and \Q\ < C . If 
C = 1, we denote M^^"" (/) simply by M^°'' (/). 

Next, we recall some properties for weights in Aj^f (R") and j4p(R"), where and in 
what follows, Ap(R") for p G [1, oo) denotes the classical Muckenhoupt weights; see [T71HB] 
for their definitions. 

Lemma 2.3. (i) Let p e [l,oo), w € A^°'^{R"), and Q be a unit cube, namely, 1{Q) = 1. 
Then there exist an ZJ G Ap{W^) such that uJ — uj on Q, and a positive constant C 
independent of Q such that Ap{Uj) < CA^°'^ {to), where Ap{iJ) denotes the weight constant 
ofuj, which is as in ()2.ip and ()2.2p by removing the restriction 1{Q) < 1. 

(ii) If UJ G Ap""^ (R") with p G (l,oo), then there exist 771, 772 G (0, 00) such that 
w G A^°f^^(R") with p - 771 G (1, 00), and u^+'i^ G A^"" (M"). 

(iii) If l<Pi<P2< 00, then A^°^'' (M") C Aj,"'^ (R")- 
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(iv) Forpe (1,00), u e A^""" (R") if and only tf uj-^^'-p-^^ e A^°,'' (M"), where 

l/p+l/p' = l. 

(v) For id G Aj^'^(M") and Q — Q{xo,l{Q)), there exists a positive constant C such 
that uj{2Q) < Cuj{Q) when 1{Q) < 1, and uj{Q{xo, 1{Q) + 1)) < Cu:{Q) when 1{Q) > 1. 

(vi) Ifp e (1,00) and u! € A^f"^ i^""), then the local Hardy- Littlewood maximal operator 
M^""" is bounded on LP{W"-). 

(vii) Ifuj e ^\°'=(R"), then Af>°'= is bounded from ii(R") to Li'°°(R"). 

(viii) If u G j4p(R") with p G [l,oo),, then there exists a positive constant C such that 
for all cubes Qi, Q2 C M" with Qi C Q2, 

u^{Q2) ^^(\Q2\y 



^(Qi) - \\Qi\ 

Lemma [2.3^ 1) is just |131 Lemma 1.1]. The statements (ii) through (vii) of Lemma 
are just Lemma 2.1 and Corollary 2.1 in [US], which are deduced from Lemma IT^ i) 

and the properties of ^p(R"); see the proofs of [49 1 Lemma2.1, Corollary2.1]. Lemma 

I2.3( viii') is included, for example, in [El [171 119 • 

Remark 2.4. Let C be a positive constant. It was pointed out in [¥31 Remark 1.5] and 
[H] that (i) through (vii) of Lemma O are also true, if 1{Q) =^1, 1{Q) >l, 1{Q) < 1, 
Q{xq, 1{Q) + 1) and Mi°'= are respectively replaced by 1{Q) = C, 1{Q) > C, 1{Q) < C, 
Q{xo, 1{Q) + C) and M ~"^ . In this case, the constants appearing in (i), (vi) and (vii) of 

Lemma [^751 depend on C. 

For any given to G A]^ (R"), define the critical index of uj by 

q^ = inf {p e[l,^):oje A';' (R")} . (2.4) 

Remark 2.5. Obviously, q^j £ [I, 00). If q^^ G (1, 00), by LemmajST^jJii), it is easy to know 
that w ^ A^°^ (R"). Moreover, there exists an w ^ A^^"" (R") such that q^ = 1. Indeed, for 
i G R\ {0}, let u}{t) = [ln(TiT)]~^ Johnson and Neugebauer ^ p. 254, Remark] showed 
that cj G (np>iAp(R")) \ Ai(R"). By the fact that Ap{W) C A^°'' (R") for all p G [1, 00), 
which is obvious by their definitions, we see that w G np>iAp°'^ (R"). We claim that 
oj ^ A^f'' (R"). In fact, taking x G (0, 1/2), then we have 



1 r^+^ /"^/^ r 

M'°'= {uj){x) > - / Lu{t) dt> In 

2 ./t_i .In \ t 



p.-l 



dt: 



lx-1 JO I 

Moreover, it is easy to see that uj{x) -^ a.s x —> 0. Thus, by (|2.2I) . we know that 

For ^(R"), X>'(R") and £«(»")> we have the following conclusions. 
Lemma 2.6. Let cj G A^^ (R"), g^ &e as in (12. 4p andp G {quj,oo]. 

(i) // i + ^ = 1, i/ien 2?(R") C i^U/(.-i, (K"). 

(ii) iP(R") C I?'(R") and t/ie inclusion is continuous. 

(iii) Let (/) G ^(R") anrf 4„ (/i(a;) dx ^ I. If q £ {q^,oo), then for any f G L«(R"), 
f * (f>t ^ f in L^(R") as < — >■ 0, where and in what follows, 4>t{x) = ■^(j){j) for all 
te (0,00) andxe R". 
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We remark that (i) and (ii) of Leinnia [2.61 and Lenima [2.6r iii) are, respectively, Lemma 
2.2 and Proposition 2.1 in [3S]- 

2.2. Orlicz functions. Let $ be a positive function on M_|_ = (0,00). The function $ 
is said to be of upper type p (resp. lower type p) for some p S [0,oo), if there exists a 
positive constant C such that for all t £ [I, 00) (resp. t e (0, 1]) and s £ (0, 00), 

$(si) < CtP<^{s). (2.5) 

Obviously, if $ is of lower type p for some p £ (0, 00), then limt_j.o_^ $(i) = 0. So for the 
sake of convenience, if it is necessary, we may assume that $(0) = 0. If $ is of both upper 
type pi and lower type po, then $ is said to be of type (po, Pi)- Let 

pj = mi{p £ (0, 00) : there exists C £ (0, 00) 

such that ()2.5p holds for all t £ [1, 00) and s £ (0, 00)}, 

and 

p~^ = sup{p £ (0, 00) : there exists C £ (0, 00) 

such that (P3)) holds for all t £ (0, 1] and s £ (0, 00)}. 

The function $ is said to be of strictly lower type p if for all t £ (0, 1) and s £ (0, 00), 
$(si) < tP$(s), and we define 

p$ = sup{p £ (0, 00) : $(st) < iP$(s) holds for all t £ (0, 1) and s £ (0, 00)}. (2.6) 

It is easy to see that p$ < p^ < pj for all $. In what follows, p$, pj and pj are 
respectively called the strictly critical lower type index, the critical lower type index and 
the critical upper type index of $. We point out that if p$ is defined as in ()2.6|) . then $ 
is also of strictly critical lower type p$ ; see [27] for the proof. 

Throughout the whole paper, we always assume that $ satisfies the following assump- 
tion. 

Assumption (A). Let $ be a positive function defined on M+, which is of strictly lower 
type and its strictly critical lower type index p$ £ (0, 1]. Also assume that $ is continuous, 
strictly increasing, subadditive and concave. 

Notice that if $ satisfies Assumption (A), then <I'(0) = and $ is obviously of 
upper type 1. For any concave and positive function $ of strictly lower type p, if we 
set 4>(i) = /p —f^ds for t £ [0,cx)), then by '55\, Proposition 3.1], $ is equivalent to 
<&, namely, there exists a positive constant C such that C^^^{t) < ^{t) < C^{t) for 
all t £ [0,(xi); moreover, $ is strictly increasing, concave, subadditive and continuous 
function of strictly lower type p. Notice that all our results are invariant on equivalent 
functions satisfying Assumption (A). From this, we deduce that all results in this paper 
with $ as in Assumption (A) also holds for all concave and positive functions $ of the 
same strictly critical lower type p$ as $. 

Let $ satisfy Assumption (A) and u £ A]^{R'^). A measurable function / on R" 
is called to belong to the space i*(R") if /jj„ ^{\f{x)\)uj{x) dx < 00. Moreover, for any 
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/eLj(M"), define 

||/|Uj(R„) = inf|Ae(0,oo): J ^ {\l^\ u;{x) dx < 1 
Since <J> is strictly increasing, we define the function p on R+ by setting, for all t S (0, cxd), 

P{t) ^ ^^^y (2.7) 

where $^^ is the inverse function of $. Then the types of $ and p have the following 
relation. Let < po < Pi < 1 and $ be an increasing function, then $ is of type (poiPi) 
if and only if p is of type (p^^ — 1,Pq'^ — 1); see [55] for its proof. Moreover, it is easy to 
see that for all t E (0, oo), 

which is used in what follows. 



3. Weighted local Orlicz-Hardy spaces and their maximal 
function characterizations 

In this section, we introduce the weighted local Orlicz-Hardy space /ij ^vC^") ^^^ ^^'^ 
local grand maximal function and establish its local vertical and nontangential maximal 
function characterizations via a local Calderon reproducing formula and some useful 
estimates obtained by Rychkov 03] . We also introduce the weighted atomic local Orlicz- 
Hardy space ft,£''^'''(IR") and give some basic properties of these spaces. 

First, we introduce some local maximal functions. For N E Z+ and R E (0, oo), let 

VN,R{Rn ^Ue 2?(R") : supp(V) C B{0,R), 

II'0||-D«(R") = sup sup \d"'ip(x)\<l\ . 

xeR" aeZ,^,\a\<N J 

Definition 3.1. Let TV g Z+ and R E (0, oo). For any / E 2?'(M"), the local nontangen- 
tial grand maximal function Qiq, R{f) of / is defined by setting, for all x E M", 

gN^R(f){x)=su^{\^t*f{z)\: \x ~ z\ <t <\, ij, eVn^r{M.^)} , (3.1) 

and the local vertical grand maximal function GN,R{f) of / is defined by setting, for all 

X elR", 

GN^RWix)- sup {\i;t*f{x)\: ie(0,l),Ve2?7V,fi(K")}- (3.2) 

For convenience's sake, when i? = 1, we denote Pat. ^(IR."), GN,Rif) and GN,R{f) 
simply by V%{W), GnU) and GnU), respectively; when R = 23(io+"), we denote 
Vn.r{W). GN,R{f) and GN.Rif) simply by I?w(R"), GN{f) and GN{f). respectively. 
For any N E 2+ and x E K", obviously, 

G%{f){x) <GN{f){x) <GN{f){x). 
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For the local grand maximal function G%{f), we have the following Proposition 
which is just [49, Proposition 2.2]. 

Proposition 3.2. Let N >2. 

(i) Then there exists a positive constant C such that for all f G (L^^^ (K") n 2?'(]R")) 
and almost every x £ K", 

\f{x)\<g%if)ix)<A&^f)ix). 

(ii) // w g A^°'' (M") with p G (1, oo), then f e L^, (R") if and only if f e X>'(R") and 
G%if) G i£(R"); moreover, 

II/I!l£(R") ^ II^Jv(/)llL£(a")- 

(in) Ifuj e A\°''{R"'), then g% is bounded from ^^(M") to ii^°°(R"). 

Now we introduce the weighted local Orlicz-Hardy space via the local grand maximal 
function as follows. 

Definition 3.3. Let $ satisfy Assumption (A), cu e A^^ (R"), Qui andp$ be respectively 
as in (123) and dH]), and iV$,„ ee [7i(^ - 1)J + 2. For each TV e N with N > N^^^, the 
weighted local Orlicz-Hardy space is defined by 

C^(K") ^ {/ e 2?'(M") : GNif) e i2(K")} ■ 
Moreover, let ||/||,i*_^(r.) = ||e^iv(/)||L;(R")- 

We remark that when $(t) = t'P for all t € (0, oo) and p G (0, 1], /i* jv(R"') above is 
the weighted local Hardy space h^ 7v(^") introduced by Tang [IH]. Obviously, for any 
integers A''i and N2 with Ni > N2 > N,s>^^, 

and the inclusions are continuous. We also point out that Theorem 13.141 below further 
implies that 

II^A'(/)II-L;(R") ^ II^A'(/)II-L;(R") ^ II^Ar(/)llL*(R") ^ \\GN{f)\\L^(M'^) 

for all iV e N with N > N^^^ (see ([X^ for the definition of N^,^). 

Next, we introduce the weighted local atoms, via which, we introduce the weighted 
atomic local Orlicz-Hardy space. 



s > [nif^ ~ 1)J- A function a on R" is called a (p, q, s)ui-atom if there exists a cube 



Definition 3.4. Let $ satisfy Assumption (A), uj e A]^ (R") and q^i, p be respectively 
as in ()2.4p and ()2.7p . A triplet (p, q, s)uj is called admissible if g € ((7^,c»], s € Z+ and 

Q C R" such that 

(i) supp (a) C Q; 

(ii) |la|U,(K„) < [c.(Q)]i-i[p(c.(Q))]-i; 

(iii) /]g„ a(a:)a;" dx = Q for all a G Z" with |a| < s, when 1{Q) < 1. 
Moreover, a function a on M" is called a (p, q)^- single- atom with q € ((7^^,00], if 

||a|L,(R„) < [c.(M")]i-i[p(c.(R"))]-i. 
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We point out that when <i>(t) = t^ for t G (0,oo) and p e (0,1], (p, g, s)cj-atoms 
and {p, g)tj-single-atoms are respectively (p, q, s)i^-a.tonis and {p, g)(^-single-atonis, in- 
troduced by Tang [^ . 

Definition 3.5. Let $ satisfy Assumption (A), w G A^^ (R"), g^ and p be respectively 
as in (j2.4p and (j2.7p . and (p, g, s),^ be admissible. The weighted atomic local Orlicz-Hardy 
space /i£''3'^(K") is defined be the set of all / G !?'(»") satisfying that 



OO 

\iai 



in I?'(R"), where {0^}^^^ are (p, q, s)^-atoms with supp (0^) C Qi, oq is a (p, q)t^-single- 
atom, {Xijiez^ C C, and 



00 



g"W-'* ( .(0. '.MQ.)) ) """"'* ( .(«-)lt(r.)) ) < °°- 



Moreover, letting 



""^•'■'''"'°4^"°'§"W-'H a„(0.SpM0.)) ) 



r)$ ( . _ '^°J _ .. 1 < 1 



^Aw(R")p(w(R")), 

the quasi-norm of / G /i£^'^''(R") is defined by 

ll/ll/i£,-'''"(R") =inf {A({Aiai},gz+)} , 
where the infimum is taken over all the decompositions of / as above. 

Remark 3.6. (i) Notice that the definition of A{{Xiai}i^z+) above is different from [55] . 
In fact, if p G (0. 1] and $(f) = t^ for all t G (0,oo), then A{{\iai}i^z+) coincides with 

(ii) Let {Af}i, fc and {a*^}j,fe satisfy A({A*^a*^}igz_^) < 00, where k ~ I, 2. By the fact 
that $ is subadditive and of strictly lower type p$, we have 

2 
[A{{Xlal A^a^l^.zJ]^* <^[A({A^n.e2 






(iii) Since $ is concave, it is of upper type 1. Thus, for any / G h^j ''' "(R"), there exist 
{ai}iez+ and {Xi}iez+ as in Definition 13.51 such that 

iGZ+ 

Next, we introduce some local vertical, tangential and nontangential maximal func- 
tions, and then establish the characterizations of the weighted local Orlicz-Hardy space 
^u! Af(I^") oil these local maximal functions. 

Definition 3.7. Let 

V'o e V{W) with / iPo{x) dx ^ 0. (3.3) 
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For j e Z+, A, B e [0,oo) and y e M", let mj^A^siy) = (1 + 2J|y|)'^2^lyl. The local 
vertical maximal function V'o (/) of/ associated to ?Ao is defined by setting, for all x £ M", 

V^o+(/)(a;)= sup|(^o),*/(x)|, (3.4) 

the local tangential Peetre-type maximal function V'o*^ s(/) "^^ / associated to 'i/'o is 
defined by setting, for all x £ R", 

,** /.N/ ^_ l(V'o)j */(a;-y)| ,„ ^. 

i'o,A,B{f)ix)= sup ^ (3.5) 

and the /ocaZ nontangential maximal function (V'o)v(/) of / associated to ipo is defined 
by setting, for all a; G M", 

(Vo);(/)(a;)= sup \{^o)t*f{y)\, (3.6) 

|x-y|<t<l 

where and in what follows, for all x £ R", {iIjq)j{x) = 2^"V'o(2-'a;) for all j £ Z+ and 
(V'o)t(a;) = ^Mi) for aU i e (0, oo). 

Obviously, for any x £ R", we have 

^Uf)i^) < (^o)*v(/)(x) < V'o:A,s(/)(a;)- 

We remark that the local tangential Peetre-type maximal function V'o*A b(/) ^as intro- 
duced by Rychkov [33]. 

In order to establish the local vertical and the local nontangential maximal function 
characterizations of /ij ^(R"), we first establish some relations in the norm of L*(R") 

of the local maximal functions 4'o*a b(/)i "00 (/) and Gn.rXDj which further imply the 
desired characterizations. We begin with some technical lemmas. 

Lemma 3.8. Let Tpo be as in p.3p and Tp{x) = ijjoix) — ^^po{^) for all x £ M". Then for 
any given integer L £ Z_|_, there exist rjQ, rj £ I?(R") such that L,, > L and 

oo 
f = VO * ^0 * f + ^V3 * "^J * f 

i=i 

m V'{W) for all f £ V'{W). 

Lemma [SH] is just J43, Theorem 1.6]. 

Remark 3.9. Let "00: 4'^ Vo and 77 be as in Lemma \3M From the proof of j43l Theorem 
1.6], it is easy to deduce that for any j £ Z+ and / £ 2?'(R"), 

CXD 

/ = Mj * (V'o)j * / + Yl ^k*i>k* f 
k=j+i 

in D'(R") (see also [43l (2.11)]). We omit the details. 
For / £ Ll^^ (R"), S e [0, 00) and x £W\ let 

Ksfix)^ f \f{y)\2-^\^-y\dy, (3.7) 



where and in what follows, the space ^[^^(M") denotes the set of all locally integrable 
functions on R". 



\{P}. 



^■|li£(i,) 
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Lemma 3.10. Let p G (1, oo), q G (1, oo], and lo G A^°'^ (R"). Then there exists a positive 
constant C such that for any sequence {/-'}j o/ measurable functions, 

IK^^'°^(/^)blL;:(y<^IK/''blLs(W' (3-8) 

where and in what follows, 

Also, there exists positive constants C and Bq = Bq(uj, n) such that for all B > Bq/p, 

||{ifB(/^)},|L.(,^)<C||{/n,||,,(^^^. (3.9) 

Lemma [3.101 is just [3^, Lemma2.11]. Moreover, from the proof of f^Hl Lemma2.11], 
it is easy to deduce that p.8p also holds for Af t?'^ with any given positive constant C. In 
this case, the positive constant C in Lemma [3. 101 depends on C. 

Lemma 3.11. Let ipQ be as in p. 31) and r G (0, oo). Then there exists a positive constant 
Aq depending only on the support of ipo such that for any A G (maxj^Oi t}, oo) o,nd 
B G [0, oo), there exists a positive constant C, depending only on n, r, ipQ, A and B, 
satisfying that for all f G I?'(R"), x G M" and j £1^+, 

oo 
+KBrmo)k*fn{x)}, 



\ii^a)j*fix-y)\ 

)j,a,bu )VJ^)= «up r~\ — 



where 

ySK" iii-j, 

for allxeM.'^. 

Proof. Lemma r3.11l is a modified version of [131 Lemma 2.10] , and was essentially obtained 
by Rychkov in the proof of [IHl Theorem 2.24]. Let ^ be as in Lemma lTSl Indeed, Rychkov 
[i5] showed Lemma [3.111 under the assumption that f G S'^, namely, there exist positive 
constant Af and nonnegative integer Nf such that for all 7 G I?(R"), 

|(/,7)| <^/sup||9"7(a;)|e^^l^l : x G M", a G Z!^ and |a| < A^/} , 

which guarantees that for all x G K" and j G Z+ , 

M,^,ix,j)^ sup 2(^--^-). '^'-*^(7f <oo. 
fc>i:i/eK" rnj^A.B[y) 

By [m Proposition 2.3.4(a)], we have that for any / G ^'(R"), Ma,b{x, j) < 00 for all 
X G M" and j G Z+, provided A > Aq, where Aq is a positive constant depending only on 
the support of t/jQ. Thus, Lemma [3.111 is true for all / G I?'(R"). This finishes the proof 
of Lemma 13.111 ■ 

Theorem 3.12. Let $ satisfy Assumption (A), lo G A]!^ (R"), LI G (0, 00), ipo, q^ andp^ 
be respectively as in p.3p , (j2.4p and ()2.6p . '!/'o"(/), i>Q* a bH)' 0,'"^'^ Q n , R^f) be respectively 
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as in (133), (1331) and ^^. Let 

Ai = max{Ao, nqu,/p^}, 

Bi = Bq/p^ and integer Nq = [2AiJ +1, where Aq and Bq are respectively as in Lemmas 
\3.3\ and \3.'A Then for any A e (Ai,oo), B G (_Bi,oo) and integer N > Nq, there exists 
a positive constant C , depending only on A, B, N, R, ipQ, $, io and n, such that for all 
f e ^'(K"), 



and 



ICa,b(/)| 



GN,B.{f) 



i*( 



<c||Vo+(/)|L.( 



<^lko+(/)| 



i*( 



(3.10) 



(3.11) 



Proof Let / e 2?'(R"). First, we prove ([XTU)) . Let A e {Ai,oo) and B e (Bi,oo). By 
Ai = max{Ao, nquj/p<i>} and Bi = B^/pi^, we know that there exists tq G (0, ^^) such 
that A > — and Bro > -^ , where Aq and Bq are respectively as in Lemmas 13.31 and 
IXTUl Thus, by Lemma Elll' for ah x e M", we have 

OO 

k=j 

+KBr,mo)k*fr'){x)]. (3.12) 

Let ■0(|(/) and V^p*^ b(/) be respectively as in (13. 4p and (13.51) . We notice that for any 

X e M" and fc e Z+, 

|(V'o)fc*/(2:)|<Vo+(/)(^), 
which together with p.l2|) implies that for all x G R", 

K\B(/)(^)]'^''<M'°M[V'o+(/r")(^)+^B.o([Vo+(/)]'"")(^)- (3.13) 

By p.l2p and the subadditivity of $, we have 

$({Afi-([^+(/)r)(a:)}'/''")^x)dx 

+ / <i>({KBr„{[i'^{f)r"){x)}'^''")co{x)dx^h+h. 



< 



(3.14) 

First, we estimate Ii. By rp < ^^, we know that there exists q G (9^^,00) such that 
roq < p$ and uj G A\°'' (M"). For any a € (0, 00) and g £ L\^^ (M"), let 

9 = 9X{x£VJ-: \g{x)\<a} + 5X{a;eR": |g(a:)|>a} = 5l + 52- 

It is easy to see that 

{x e M" : A'f'°'= [g){x) > 2a} C {x G M" : M'°'= (g2)(a;) > a} , 
which together with Lemma l2.3r vi) implies that 
w({a;eM": A&^g){x) > 2a}) 
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<u;({xeM": M'°%g2){x) > a]) < ^ [ [^&^g2){x)]'' uj{x) dx 
<-[ \92{x)\M^)dx^- j \g{x)\'i^{x)dx. (3.15) 

Q^ JK" 01 J{x<^VL-^:\g(x)\>a} 

Thus, for any a £ (0, oo), by p.lSp . we have 

<4^/ . [ij+{f){x)pM^)dx 



'^^o+C/) 



2l/>-0 

where and in what follows, 



(w^) + ^/l^°'^^"'"'^<(/)(^)'^^' (^-^'^^ 



a^+(^)(s) ^ c.({x e M" : Vo+(/)(2^) > 4)- 



From the fact that $ is concave and of lower type p$, we infer that $(f) ^ J„ — ^ ds for 
all i e (0, oo). By this, p.l6p and the lower type p$ property of $, the fact roq < p$ and 
Fubini's theorem, we have 

n{M'-([V+(/)]'-0)(:.)}'^'-° ^(,^ 

Ii- / <( / ^^dt^w(a;)dx 



$(i) 



I 1/-0 (t) dt 



< 

/o 



i {M>°c([^ + (/)]'-o)}i 

$(i) f /^ O 1 '•°° 



r "'^o-(/) (¥J^ +T^ U. '^'^'^''"^^u)^^) '^^ ^* 



2l/'-0 



< J/ + / ro,s--v,.(,)(.) <! r '" ^^ rf* ^ rf^ 



J/^ / ^{i^t{f){x))uj{x)dx, (3.17) 



where J/ = ^^ ^f^^+ (/)(*) t^^- 

Next, we estimate I2. For any a e (0,oo) and g g ^^^^.(IR"), let gi and (72 be as 
above. For H e [-f^, 00), let /g„ 2"^l"="^l dy = c//. It is easy to see that for ah x G M", 
Kh{!)i){x) < c/fo;, which implies that 

{a; e M" : KH{g){x) > {ch + l)a} C {a; G M" : Kh{92){x) > a} , 

where Kh is as in ^3.7\i . Thus, by Lemma [3. 10) we have 

uj {{x e M" : Kngix) > {cr + l)a}) < w ({x e M" : KHg2{x) > a}) 
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< — / \g{x)\'^ujix)dx. 

Q^' J{xeR": \g{x)\>a} 

Similarly to p.l6p . from the above estimate, Bro > — and Lemma [3T2l we also deduce 
that 

By this, similarly to the estimate of Ii, we also have 



< 



0".,,+ ^ 



I2 < y ^ $ W(/)(a;)) '^(a;) '^a;. (3.18) 

Thus, we deduce from (fXTil) . (|XT7| and (fXTSl) that 

•^ iroU.Bim^)) u;{x)dx<l ^^ W(/)(2^)) ^(^)rf^- 

Replacing / by //A with A £ (0, cx)) in the above inequality, and noticing that 

<I'(V^o:a,s(//A)) = <I'(V'S,\b(/)/A) 
and ^iJj+if/X)) = $(V^(/)/A), we have 

<i>{ro:A,Bif){^)/>^)^{^)dx< f <^{^+{f){x)/X)Lo{x)dx, (3.19) 



which together with the arbitrariness of A G (0, 00) implies (I3.10p . 

Now, we prove p. lip . By Nq = [2Ai\ + 1, we know that there exists A S {Ai,oo) 
such that 2A < Nq. In the rest of this proof, we fix A G {Ai, cx)) satisfying 2A < Nq and 
B e (Si, 00). Let integer iV > iVo and i? e (0,cx)). For any 7 e X'Ar,_R(R"), t G (0, 1) and 
j E Z+, from Lemma l3^ and Remark 13.91 it follows that 



7t */ = 7t * ('7o)j * (V'o)i */+ X! ^t*Vk*ipk* f, (3.20) 

k=]+i 

where ijo, rj G 2?(M") with Lj^ > N and ip is as in Lemma [3.81 

For any given t e (0, 1) and x € M", let 2"-'o"i < i < 2~-"' for some jo G ^+, and 
z€R"- satisfy |z - a;| < i. Then, by (|32Q1), we have 

00 

l7t */(^)l < l7t * ('7o)jo *(V'o)jo */(^)l+ X! l7t *'7fc*V'fc*/(2)l 

fc=jo+i 



fc=jo+i 
To estimate I3, from 



< I lit* {m)joiy)\ l(V'o)io * fiz -y)\dy 

00 „ 

E / \lt*Vk{y)\\iJk*f{z~y)\dy = h+h. (3.21) 



\{i^o)j*f{x-y)\ 



'^0*A.B{f){x) = sup 
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\i^o)j*.fix- iy + x-z))\ 

jez+ , aGR" rnj^A,B{y + X- z) 
we infer that 

K'/'ok */(2-y)l < V'o*A,i3(/)(a;)TOjo.A,B(y + a;-2), 

which, together with the facts that 

mjg^A,B{v + x- z) < mj„^A,Bix- z)mjg^A,B{y) 
and 'mj^_A,B{x — z) < 2 , implies that 

KVok * /(^ - y)\ < 2^ro:A,BifKx)m,„,A,B{y). 
Thus, we have 

I3 < 2-^ 1^^ |7* * {vo)joiy)\^jo,A,B{y)dy^ Ca,b(/)(^)- 
To estimate I4, by the definition of "0, it is easy to know that for any fc G N, 
IV'fc * f{z - y)\ < |(V'o)fc * f{z - y)\ + |(0o)fc-i * fiz - y)\ . 
By the definition of 'ipQ*A _b(/) a-nd the facts that 

TOfc, A, s (y + a; - 2:) < ?nfc, A, s (a; - 2)rnfc, A, B (y) 
for any fc S N and mk^A.Bix — z) < 2^''^^°^'^, we conclude that 

\{-4^o)k * f{z-y)\ < 'll)Q*A,B{f){x)mk,A,B{y + X-z) 

< '4'0*A,B{f)i^)^k,A,B{x - z)m,k^A,B{y) 
<2(''-^»~>^mk,A.B{y)ro:A.Bif){x). 

Similarly, we also have 

KV'o)^-! * f{z - y)\ < 2^''-^'>)A^k.A,B{y)ro:A,B{f)ix). 

Thus, 



l4< £ 2('=-^«)^|/' b*77fc(y)|mfe,^,B(y)dy|cA,s(/)(^)- 

k=jo + l ^•'^" ^ 

From (I3.2ip and the above estimates of I3 and I4, it follows that 
lit * f{z)\ <\ |7t * {vt))joiy)\mjo,A,B{y)dy 

+ E 2(^-^«)^/' \jt*rjk{y)\mk,A,B{y)dy\roUsif){x)-{3.22) 

Assume that supp(?7o) C B{0,Ro). Then supp((?7o)j) C B{0,2^^Ro) for aU j e Z+. 
Moreover, by supp (7) C 5(0, i?) and 2-^"'^ < t < 2^^°, we see that 

supp(7t)cB(0,2-^°ii'). 
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From this, we further deduce that supp (74 * (?7o)jo) "^ ^(0' '^''"{Ro + R)) and 

which iniphes that 

/ \7t*{vo)jo{y)\mj„,A.,B{y)dy 

<2^°"/' (l + 2^°|2;|)^2^l«ld2; < 1. (3.23) 

^B(0,2-Jo(fl,,+J?,)) 

Moreover, since 77 has vanishing moments up to order N, it was proved in |43l (2.13)] 
that 

ll7t*%|U.o(R„)<2(^o-'=)^2^°" 

for aU /c e N with k > jo + 1, which, together with the facts that N > 2 A and 

supp (7t * rjk) C B{0, 2'^«Ro + 2-'=i?), 



implies that 



00 „ 

V 2^k~oo)A |7,*r?fc(y)|mfe,A,B(y)d2/ 



fc=Jo+l 



< y^ 2'^'^^-"')'^2^^"^'^-'^2-'°"(2^^°i?n + 2^'^i?)" 
X [1 + 2'=(2-J"i?o + 2-^-i?)] -^ 2(2-'°«o+2--fl)s 

00 

< ^ 2(^«-^-)(^-2A) < ^ (3 24) 

Thus, from (1322), (P^ and (jX^ . we deduce that |7t * f{z)\ < V'o.*A.s(/)(a;)- Then, 
by the arbitrariness of t G (0, 1) and z G B{x, t), we know that 

W(/)(2^)<Ca,b(/)W, 
which together with p.l9p imphes that for any A G (0,oo), 

<^(gN.B.{f){x)/x)u{x)dx< f ^{ij+{f){x)/X)uj{x)dx. 

From this, we infer that (I3.1ip holds, which completes the proof of Theorem 13. 121 ■ 



Remark 3.13. Let p G (0, 1]. We point out that Theorem l3TT2l when i? ee 1 and $(t) = t^ 
for all t G (0,00) was obtained by Rychkov [43l Theorem 2.24]. 

As a corollary of Theorem 13.11 we immediately obtain that the local vertical and the 
local nontangential maximal function characterizations of ft.* Ar(K") with N > N^,i^ as 
follows. Here and in what follows, 

A^<i>,,^ = max|iV<i.,„, iVoj, (3.25) 

where N^^^: and A^'o are respectively as in Definition 13.31 and Theorem 13. 121 
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Theorem 3.14. Let $ satisfy Assumption (A), u) G A^^iW^), -00 and iV$_t^ be respec- 
tively as in p.3p and (J3.25I) . Then for any integer N > N,^^i^, the following are equivalent: 



(i) /e/i*^(R"); 

(ii) /e2?'(R") anrf^o+(/)eLj(R"); 
(ill) / e 2?'(R") anrf (^^o)*v(/) e Lj(K"); 
(iv) / e P'(R") anrf ^w(/) e Lj(R"); 

(v) /eI?'(R") andg^(/)eLj(R"); 
(vi) / e I?'(R") anrf g^(/) e Lj(R"). 

Moreover, 

I'^O (/)|IlJ(K") "" 

GnU) 



I") 



(V'o);(/)iii.( 



Kif)\ 



i*( 



(3.26) 



where the implicit constants are independent of f . 

Proof (i) ^ (ii). Let integer N > N^,^ and / € /i* ^(R"). Let t/^q satisfy ([331) and 
ipo G 2?jv(R"). Then from the definition of GN{f), we infer that ipoif) < Qn{J) and 
hence i^Qif) & Lj(R"). For any ^o satisfying (|3.3p . assume that supp(i/'o) C B{0,R). 
Then, by ()3.1ip and the above argument, we have 



5n.bW 



< 



L*( 



V^+(/) 



< 



i2(B 



l/ll. 



,(M")' 



which together with Tp^{f) < QN,R{f) implies that 7/>+(/) e L*(R") and 



\i^Ul)\ 



< 



\fh^ 



lLJ(R") -^ IIJ ll/i2.iv(K") ■ 

(ii) => (in). Let / e ^'(R") satisfy ipi^{f) E iJ(R"), where ipQ is as in dSS]). Then 
from the fact that 

^Uf)<i^o);{f)<ro:A,Bif) 

and (|3l0| . we deduce that (V'o);(/) e iJ(R") and 

li(V'o)v(/)llLS(R") ^ II'/'c)"(/)IIlJ(R'.)- 

(in) ^ (iv). Let / e ^'(R") satisfy (V'o);(/) e i*(R"), where Vo is as in dSl]). By 

II5w(/)IIl;(K") ^ IIV'c)"(/)IIl*(r-), 
which together with the fact that 

V'o+(/)<(^o)*v(/) 
and the assumption that (■0o)v(/) ^ iJ(R") implies GNif) G i*(R") and 



ejv(/) 



< 



(V'O );(/)! I L*(R" 



)• 



LJ(R") 

(iv) => (v) ^ (vi). By the facts that g%{f) < g%{f) < GNif) for any f eV'{R 
and $ is increasing, we see that all the conclusions hold. Moreover, it is obvious that 



\Q%{f)\ 



< 



Qlif) 



< 



i*( 



•) 



SNif) 



i*( 
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(vi) ^ (i). Let / e ^'(K") satisfy 

g%if) e L*(M"). 
Let Vi satisfy ^1\) and Vi G 2?Ar(M"). Then by ((XTU| . we have that 



ejv(/) 



i*( 



< llV^S'a)!! 



LJ(R"), 



which together with the facts that i/j^{,f) < G%{f) and QnH) < QN[f) imphes that 

II^Ar(/)llLj(R") < ||^w(/)|Lj(K-)- 

Thus, by the definition of /i* ^(M"), we know that / € hlj^{W^) and 

ll/ll/i*_„(R") ^ II^A'(/)ll-LJ(R")i 

which completes the proof of Theorem 13.141 ■ 

As a corohary of Theorems 13.121 and 13.141 we have the following local tangential 
maximal function characterization of /i* ^(R"). We omit the details. 

Corollary 3.15. Let $ satisfy Assumption (A), tAq be as in p.3p . uj G A^^ (R"), iV*.w 
fee as in p.25p . A and _B 6e as m Theoreni \3.1'A Then for integer N > N^^i^, 

if and only if f e ^'(M") and %*A.Bif) ^ -^2(K"); moreover, 

ll/ll/iJ_„(R") ^ IIV'o.*A,s(/)ll-LJ(R")- 

Next, we give some basic properties concerning /i* Ar(R") and /i£''''*(R"). 

Proposition 3.16. Let $ satisfy Assumption (A), lu e Aj^,'^ (M") and A^$,w be as in 
p.25p . If integer N > N^^^, then the inclusion h^ jy(R") M> I?'(R") is continuous. 

Proof Let / G /i* ^^(R"). For any given (f> e X>(R"), assume that supp (</)) C 5(0, i?) 
with R G (0, oo). Then we have 

l(/,0>l= /*^(0) 



< 



inf gN,Rif)ix), 

■Dn,r(K") xeBiOS) 



(3.27) 



where ^at^ fl(/) is as in p.2p and (p{x) = 0(— a;) for all x G R". Now, to prove Proposition 
13.161 we consider the following two cases for ||/||^« (r™-). 

Case (i) ll/H^* m^) > 1. In this case, by the upper type 1 property of $ and Theo- 
rems 13.121 and I3.l4[ we obtain 



^[gN,Rif)ix)]u;ix)dx 

^ ll/L* „(R' 



^ I QN,R{f){x) \ , II II 



^ /lift; „(R , ^ 
Notice that the upper type 1 property of $ implies that for t G (0, 1] 



(3.28) 
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and hence $(i) > t. Thus, when ini^^g(^Qi'^QN^ji{f){x) < 1, from p.27p and p.28p . we 
deduce that 



l(/,0)l<ll0l|p„,H(K")$ inf gN,Rif){x] 



< 



■dn,h(R"): 



'c.(i?(0,l)) 7^(0,1) 



^{gN.R{f){y))oj{y)dy 



< ll«ill^__ _™„> ^ llfll,_* .™„^. (3.29) 



Let p<s> be as in (|2.6p . Since $ is lower type p$, then for t e (1, oo), 

<^(l) = <^(t-\ < — $(i) 

and hence t < [$(t)]i/P-. Thus, when inf^e_B(o,i) ^iv,fl(/)(2:) > 1, by (fX^ and dSIlII), 
we conclude that 

<||0||P„ ,,(„„) [0.(5(0,1))]-!/^* 

{GN,R{f)iy)joj{y)dy ^ 

ii0iip„,,(„„)[..(i3(o,i)ri/^*ii/ii;^//^(^„). (3.30) 

Case fzij ||/||h* (B") < 1- I^^ this case, by the lower type p$ property of $ and 
Theorems 13. 121 and 13.141 we see that 



["'3(0,1) 

< luii^ .„„xf/.)('Bm_n^i-i/p*iifi|i/pi. 



<^[gN,Rif)ix))tjix)dx 

^ ll/lir^ „(M") / * f fni5!^"! ) "^")'" - '"^'"" «(-)• 

Thus, from this fact and p.27p . similarly to the proof of p.29l) and p. 301) . we infer that 
if infa;eB(o,i)^Af,fl(/)(a;) < 1, then 

and a ini^(zB(o,i) Gn, R{f){x) > 1, then 

\{f,^)\ < ||<^||p„,«(E.)[w(i?(0,l))]-l/''-||/|l,,;^(R„). 

Thus, / G ©'(M") and the inclusion is continuous, which completes the proof of Propo- 
sition |3IIH ■ 

Proposition 3.17. Let <i> satisfy Assumption (A), tu £ A^^ {R"-) and N,s>,uj be as in 
p.25p . If integer N > N^^^, then the space /ij ^(M") is complete. 

Proof. For any -0 G X'jv(M") and {fijieti C ^'(M") such that {ELi /JieN converges 
in 2?'(M") to a distribution / as j — > oo, the series {X]i=i fi * V'ljeN converges to f * ip 
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also pointwise as j —> oo. By Assumption (A), wc know that $ is strictly increasing and 
subadditive, which together with the continuity of $ implies that for all x E M", 



'^{GnUKx)) < <^iY.gNimx) < ^<i>(aiv(/.)(^)) 



iiET=i\\M: 



p« 



< cxD, letting Xi = \\fi 



IP* 



s , then by the strictly lower type p$ 



property of $ and the levi lemma, we know that 

QN{f)ix) 



A,; 



< 



oo 

E 



a;(a;) dx 






which further implies that 



\ \l/p* 



(a;) dx < y^ 



tsr^i^. 



-1, 



f IIP* 



oo 

<Eii/'iir2 



(3.31) 



To prove that ft-J jv(K") is complete, it suffices to show that for every sequence {fj}jeN 



with ll/jll/i* (Rr.) < 2 ^ for any j G N, the series {/j}jeN converges in h^ 



N\ 



')■ 



Since {J2i=i /jIjsn is a Cauchy sequence in /i^ 



:Ny 



'), by Proposition 13.161 and the 



completeness of I?'(R"), {X]i=i /ilieN is also a Cauchy sequence in I?'(M") and thus 
converges to some / G I?'(M"). Therefore, by p.3ip . 



/-E/» 



i=l 



P* 



E/^ 



p* 



< ^ 2^'P* -^ 



as J — > oo, which completes the proof of Proposition 13.171 ■ 

Theorem 3.18. Let $ satisfy Assumption (A), uj e A^^'' (M") and A^$,tj 6e as in p.25p . 
^/ (Pj ^j s)ij is admissible (see Definition \3.4\ ) a,nd integer N > N^^^^, then 

/iS-''^(M")cC^, JM")cC^.(R") 

and, moreover, there exists a positive constant C such that for all f G /i^' ''' '*(M"), 

ll/L* „(R") < ll-/'ll'i*,jv ("") - ^ll-^'ll'iS'"' '(«")• 

Proo/. Obviously, by Definition [XSl we only need prove that hP^'^'^iW) C /i* ^^ „(K"), 
andfor all / e /i;;'9'"(R"), 



l/ll 



< 



I/IU-- 



To this end, by Theorem l3.14l and Definition 13.51 it suffices to prove that for any (p, q)^ 
single- atom a and A S C, 



$ 



{Gh.J>^a){x)^ uj{x) dx < w(IR") 



$ 



a;(M")/9(w(K")) 



(3.32) 
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and for any {p, q, s)cj-atom a supported in the cube Q and A G C, 

$ {g%^.JXa)i.)) .(.) d. < .(Q)* (^J(Q)L) . (3.33) 

Indeed, for any / e /i^'«'"(M"), 

4=0 

in I?'(R"), where {A^J^q C C, oq is a (p, g)tj-single-atom and for any i G N, a^ is a 
(p, g, s)i^-atora supported in the cube Qi. Then, for any A G (0,oo), by the facts that 
Sn if/^) = G% {f)/X and $ is strictly increasing, subadditive and continuous, p.32p 
and p.33p . we have 

— ^ ^^^^ 

which together with Theorem 13. 141 imphes that ||/||/j* (^n\ ^ ||/||h'='^'^rE^)- 

We now prove (|3.32p . Since 5 G (g^j, 00], by the definition of q^, we have a; G Aq°'^ (M"). 
Let a be a (p, q)tj-single-atoni and A G C When a;(M") = 00, by the definition of the 
single atom, we know that a — Q for almost every x G M". In this case, it is easy to 
see that p.32p holds. When w(R") < 00, since $ is concave, from Jensen's inequality. 
Holder's inequality and Proposition 13 . 2f ii) . we deduce that 

I dx 



j '^(g%^S>^a){x))oj{x) 
< ^m^ ( [^j(5^ {£ K, . (A«)(x)] ' ^x) dx 



l/q\ 



< 



^ ' \[uj{K^)]^/i L^(ii)Jr^ y I Vw(R")p(a;(M«)) 



That is, ([53^ holds. 

Next, we prove p.33p . Let a be a (p, q, s)tj-atom supported in the cube Q = Q{xq^ r), 
and A G C We consider the following two cases for Q. 

Case 1) \Q\ < 1. In this case, letting Q = 2y/nQ, then we have 

^^(g%^JXa){x))u;{x)dx 

'^*(^L,JAa)(a;))w(a;)dx+ [■■■ = li+h. (3.34) 
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For Ii, by Jensen's inequality, Holder's inequality, Lemma l2.3f v) and Proposition 
ii), we have 



Ii < cj(Q)$ 
<cj(Q)$ 



1 



1 



G% {Xa){x)uj{x) dx 



^^^^(Aa)(x) uj{x)dx 



l/q\ 



lA 



r-|A|||a||LS(R") 



< 



MQ)pHQ)) 

which is the desired estimate for Ii. 

To estimate I2, we claim that for all x ^ Q 



w(Q)$ 



|A| 



u;iQ)piu;iQ)) 



(3.35) 



"O + n + l , 



55^., JAa)(x) < \X\\Q\^^HQ)piLo{Q)r' 

x|x-xor(^«+"+i)xs(.o,2v^)(^)' 



(3.36) 



where sq = L"-(^ - 1)J • Indeed, for any ?A e ^^(M") and i e (0, 1), let P be the Taylor 
expansion of "0 about (x — xo)/t with degree sq. By Taylor's remainder theorem, for any 
y G M", we have 



t 



t 



< 



E 



(9"V) 



2/) + (l-0)(a:-xo) 



a;o-y 



i 



so + 1 



where £ (0, 1). By i g (0, 1) and x £ Q^, we see that supp (a * tpt) C B{xo, 2y/n) and 
that a * iptix) ^ implies that t > '^~^°' . Thus, from the above facts, Definition 13.41 and 
dmi), it follows that for aU a; e Q^, 
1 



\a*ipt{x)\ < 



P' 



Hy)\ 



Q 



^^^]_p(--y 



dy\ XBixo.2,/n)ix) 



< 



< 



\x ~ xor^^^+^+i) 11 Hy)\\xo - yr+' dy^ Xb(.,.2^){x) 



< 



|g|^"^[a.(Q)p(a.(Q))]-i|a;-xor(^°+"+i)xB(.o,2V^)(^), 



which together with the arbitrariness of -0 G I?5v(^") implies (13. 36^ . Thus, the claim 
holds. 

Let Qk = 2'=0iQ for all fc e N and fco G N satisfy 2^"r < 4 < 2*^"+^. By 



So 



n 1 ^ 1 
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we know that there exists qq G (g^j, cx)) such that p$(so +n + l) > nq^. From Lemmat 
it follows that there exists an ZU e Ap,-, (M") such that w = ZU on Q{xq^ S^/n)- By this fact, 
(13.36P , the lower type p$ property of $ and Lemma I2.3f viii) , we conclude that 

l2< / <^ (g%^^{\a){x)) uj{x) dx 

< f ^(\X\\Q\'''^^[u{Q)p{L,{Q))]-'\x-xo\-^^«+"+'AiOix)dx 



<J2f * (|A|2-^-(^«+"+i) [lu{Q)p{lo{Q))]-') uJix) dx 

k=l •'Qk + l\Qk 

< \^o-fc[(so+«+i)p4.-ngo], ,cr)-i,T, ( !_! 

^h '"^'^^'^ U(Q)p(-(Q)) 



which together with p.34p and p.35p implies p.33p in Case 1). 
Case 2) \Q\ > 1. In this case, let Q* = Q{xo, r + 2). Thus, from 

supp (^^,,JAa)) CQ*, 

Jensen's inequality. Holder's inequality, Lemma [2.3f v). and Proposition l3.2f ii). we deduce 
that 

<^{g%,,JXa){x))u;ix)dx 

'^ {5%,,A>^a){x)) cu{x)dx < c.(Q*)$ (^-^J y%^JXa){xMx)dx 

<L.(g*)$( . ,^\,,, U \g%,^JXa)ix)Yujix)dx] 



[t^(Q*)]i/? 



< 



io{Q*)^ 



\M „„„ ^ \^..^..^f |A| 



jT7^lhllLi(R")) <^(Q*)*( 



\uj{Q)p{uj{Q))^ 
which proves p.33|) in Case 2) . This finishes the proof of Theorem 13.181 



4. Calderon-Zygmund decompositions 

In this section, we establish some subtle estimates for the Calderon-Zygmund decompo- 
sition associated with local grand maximal functions on the weighted Euclidean space 
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K" given in [49j. Notice that the construction of the Calderon-Zygmund decomposition 
in HH] is similar to those in US) |31 [S] . 

Let $ be a positive function on R+ satisfying Assumption (A), uj € A^^ (R") and Qu: 
be as in (HH). Let integer iV > 2, GNif) and G^if) be as in (15:^ . 

Throughout this section, let / € 2?'(R") satisfy that for all A G (0,oo), 

UJ {{x e R" : GNiDix) > A}) < oo. 

For a given A > inf-rgRn GN{f){x), we set 

nx = {x(^ R" : ejv(/)(:j) > A}. (4.1) 

It is obvious that Q,\ is a proper open subset of R". First, we recall the usual Whitney 
decomposition of Q.x given in [35] (see also [3S1[3J[S]). We can find closed cubes {Qi}i 
such that 



nx^{jQ^, (4.2) 

i 

their interiors are away from Vl\ and 

diam(g,) < 2"(^+"Mist (Q,, 17^) < 4diam(Q,)- 

In what follows, fix a = 1 + 2~(^^+") and denote aQi by Q* for all i. Then we have 
Qi C Q*. Moveover, fix — U^Q*, and {Qi}i have the bounded interior property, namely, 
every point in fix is contained in at most a fixed number of {Q*}i- 

Now we take a function £_ e X>(M") such that < ^ < 1, supp (^) C aQ{0, 1) and 
^ = 1 on Q(0, 1). For x G K", set ^i(x) = ^((a; — Xk)/li), where and in what follows, Xi is 
the center of the cube Qi and h its sidelength. Obviously, by the construction of {Q*}i 
and {^i}i, for any a; e R", we have 1 < ^i£,i{x) < L, where L is a fixed positive integer 
independent of x. Let 

C. ^ ^. (4.3) 

Z^j 'Si 

Then {^iji form a smooth partition of unity for 57^ subordinate to the locally finite cover 
{Q*}i of Q,x, namely, XQx = J2k Cfc with each Q G I>(R") supported in Q*. 

Let s G Z+ be some fixed integer and 7's(IR") denote the linear space of polynomials 
in n variables of degrees no more than s. For each i E N and P E 7's(R"), set 



|P||,; = 



1 



lR^Q{y)dy 



\Pix)W,ix)dx 



1/2 



(4.4) 



Then it is easy to know that (7's(R"), || • ||i) is a finite dimensional Hilbert space. Let 
/ E I>'(R"). Since / induces a linear functional on 7's(R") via 

Jj^r.Ct{y)dy 
by the Riesz represent theorem, there exists a unique polynomial 

P^ e 7'.(R") (4.5) 
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for each i such that for all P G "P^lK"), (/,PCi> = {Pt,PQ)- For each i, define the 
distribution 

h = {f ~ Pi)Q when I, e (0, 1), and h, = /O when k e [1, oo). (4.6) 

We show that for suitable choices of s and N ^ the series ^^ fe; converge in I?'(R"), and 
in this case, we let g = f — J2i ^i in I?'(]R"). We point out that the represent 

/ = 5 + E^- (4.7) 

i 

where g and hi are as above, is called a C alder on- Zygmund decomposition of / of degree 
s and height A associated with GnU)- 

The rest of this section consists of a series of lemmas. Lemma 14.11 gives a property 
of the smooth partition of unity {Ci\i, Lemmas 14.21 through 14.51 are devoted to some 
estimates for the bad parts {6^}^, and Lemmas 14.61 and 14.71 give some controls over the 
good part g. Finally, Corollary ITSl shows that the density of Ll(W) n ft.* ^(R") in 
ftj ^(R"), where q € {q^^oo). The following Lemmas 14. II through 14.31 and Lemmas 14.51 
and 14.61 are respectively Lemmas 4.2 through 4.5, and Lemmas 4.7 and 4.8 in [49] . 



A> inf gN{f){x) 



Lemma 4.1. There exists a positive constant C'l such that for all f G 2?'(M"), 
and li e (0, 1), 



sup \P^{y%Xy)\<Ci\. 
Lemma 4.2. There exists a positive constant C'2 such that for all i € N and x € Q* , 

g%{h){x) < c2gN{f){x). (4.8) 

Lemma 4.3. Assume that integers s and N satisfy < s < N and N > 2. Then there 
exist positive constants C, C3 and C4 such that for all i E N and x E {Qt) r 

\jn+s+l 

^^(^«)(-) ^ ^(I-TR3^^y^+ITTXB(..C3)(^), (4.9) 

where Xi is the center of the cube Qi. Moreover, if x E {QD and k E [C4,oo), then 

g%ih)ix) = o. 

Lemma 4.4. Let $ satisfy Assumption (A), u! E Aj^f (R"), qui and p^ be respectively as 
in (12.41) and (I2.6p . If integers s > [r7,(q(^/p$ — 1)J, A^ > s and N > iV$.(^, where N^^^j 
is as in p.25p . Then there exists a positive constant C5 such that for all f E h^ j^{M.'"'), 
A > infa;gM" QN{f){x) and i E N, 



<^{g''j^{h){x))u:{x)dx<C5 '^{gN{f){x))u:{x)dx. (4.10) 

Moreover, the series 'Y^^hi converges in /i* jy(R") and 

^\Ql\y\bA{x)\u:{x)dx<C5 i ^{gN{f){x))uj{x)dx. (4.11) 



E^»)(-)) 



n. 
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Proof. By Lemmas 14.21 and 14.31 we have 

'S?{g%{b,)ix))u{x)dx< f ^{gN{f){x))Ljix)dx 

+ [ <^{g%ih)ix))ijix)dx, (4.12) 

J(2C3Q»)\Q- 

where Q° = Q{xi,l). Notice that s > [n{q^/p^ — 1)J implies {s + n + l)p$ > ng^j. 
Thus, we take go G (9cj,oo) such that {s + n + l)p$ > nqo and w € ^^"'^ (R"). By 
Lemma [T5l i). we know that there exists an a; e j4q„(]R") such that uj — cu on 2C^Qf and 
Aq^^iu)) < A}°^{u}). Using Lemma f4.31 the lower p$ property of $, Lemma r2.3f viii) and 
the fact that GNif) > A for all x e Q*, we conclude that 



(2C3Q0)\Q- 
feo 

<v 



$(g°,(6,)(:c))c^(a;)rfa; 



*(^^(&»)(a^))^(2;)c?2;<£* 



fe=i 



A 



2A;(n+s+l 



^0 -1 /• ^0 

fc=l ■^ ^ ^^ k=\ 



21' Q* 



uj{x) dx 



(4.13) 



< / '^{gN{f){x))^{x)dx-^ / $(gAr(/)(x))c<j(a;)dx, 

where ko &N satisfies 2'="-^ < C3 < 2*^^""^ From ((TT^ and (gUSl), we deduce that (|ill?l) 
holds. Then, by (j4.10p . we see that 

E/ '^{G%{k){x))uj(x)dx<y2 f ^{gN{f){x))uj{x)dx 

< I '^{gN{f){x))uj{x)dx. 

Combining the above inequality with the completeness of /ij jy(M"), we infer that J^i ^i 
converges in /ij jy(I^")- So by Proposition 13. 161 the series J^i ^i converges in I?'(R") and 
hence 



Q%\ybMx)<Y.g%{h){^ 



for all x S R", which gives (|4.1ip . This finishes the proof of Lemma [4.41 ■ 

Lemma 4.5. Let uj g Aj^'^ (R") and q^ be as in (12. 4p . s e Z+ and integer N > 2. If 
q € (qi^, 00] and f £ L^(R"), then the series ^^ hi converges in L^(R") and there exists 
a positive constant Cq, independent of f, such that 



Ei^^ 



< C'6||/IIl«(K")- 



Lemma 4.6. Let integers s and N satisfy < s < N and N > 2, f e ^'(R") and 
X > mixem^ QN{f)ix). If^^ bi converges in I?'(R"), then there exists a positive constant 
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C7, independent of f and X, such that for all x G R", 

in+s+l 

g%{gKx)<g%{f){x)x,,.Jx)+CrXY: (^^ + |;_^^|)„+.+i XB(.,,C3)(^), 

where Xi is the center of Qi and C3 is as in Lemma \4-^ 

Lemma 4.7. Let $ satisfy Assumption (A), u! e Aj^f (K"), Qui and p^ be respectively as 
in (|2.4p and (12. 6p . integer N > N,^^i^, where N^_i^ is as in (13. 25^ . and q € {qi^,oo). 

(i) // integers s and N satisfy N > s > \n{qi^/p^ — 1)J and f £ h^ jy(R"), then 
G%(g) G -^w(^") ^'^'^ there exists a positive constant Cg, independent of f and X, such 
that 

J^^l Nyy)\ J\ - ^^^x'i-P-^ ^^„'^{gN{f){x))iu{x)dx, Ae[l,oo).' 

(ii) If f £ L2;(M"), then g g L2^(M") and there exists a positive constant Cg, inde- 
pendent of f and X, such that ||5||l°° 



<CoA. 



Proof We first prove (i). Let / e ft.* ^(M"). By Lemma [4l and Proposition [SHI J^i^i 
converges in both ft* Ar(R") and I?'(M"). By s > [niqi^/pq, — 1)J, we know that there 
exists qo e {qu,, 00) such that (s + n + l)p<j, > nqo and ut E A]?'^ (R"). Let 



J = 



[gN{f){xWuj{x)dx. 



From Lemmas 14.61 and I3.10[ we infer that 

r m+s+l 

[g%{g)ix)ru;{x)dx<X^ / T. n + \x ,; n«+^+i ^^(--^^3) W 



uj{x) dx + 3 



< A« 



< A« 



E[<c3(xqJ(^)] 



(n+s+l)/Ti 



a;(a;) da; + J 



^„ (E[xq.(^)]^"+'+'^^"] ^(^)'^-^ 



< A' / uj{x) dx + J - A'w(f7A) + J- 



Now, we consider the following two cases for A. 

Case ij A > 1. In this case, since $ has lower type p$, we have 



X^uji^x) < X'^-P'^Lu{nx) 



inf gN{f)ix) 



p« 



< X'^-P'^Luiflx)'^ inf gNif)ix) 
\xenx 



<X'>-P- I <^{gN{f){x))u{x)dx. 

I fix 



Recall that 



ni = {xe R" : gN{f){x) > 1}. 
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From the fact that $ has lower type p$ and upper type 1, it follows that 



< / [gNif)ix)]''-p-^igNif)ix))u;ix)dx+ I [gN{f)ixW-'<PigN{f){x))u;ix)dx 



< (A«-P* + A-'-i) / $ (gNiDix)) Lo{x) dx < X'^-P- / $ igN{f)ix)) u;ix) dx, 

which together with the estimate of X''uj{il\) implies (|4.10p in Case 1). 

Case 2) X £ (0, 1). In this case, for any x £ 51^, if gN{f){x) > 1 > A, using the fact 
that $ has lower type p$, we conclude that 

x'^ < x'i-p''[gN{f){x)r < x'^-p-^ {gN{f){x)) < x''-'<^ {gN{f){x)) . 

If gN{f){x) < 1 and gN{f){x) > A, by the fact that $ has upper type 1, we see that 
A« < A«-ig^(/)(a;) < A^-i$ (gjv(/)(a;)) . 
From these estimates, we deduce that 

x'^Lu{nx)<x'^-^ f i>{gNif)ix))Lu{x)dx. 

For J, by A e (0, 1), ^jv(/)(2;) < A for all x £ frj^ and the fact that $ has upper type 1, 
we know that 



3<X^-^ gN{f){x)u:{x)dx<X'i'^ $(5Ar(/)(x))w(x)dx, 

which together with the estimate of X''ijo{Q,x) implies ()4.14p in Case 2). Thus, (i) holds. 

Now we prove (ii). If / G L2,(R"), then g and {bi\i are functions. By Lemma H751 we 
know that X)i ^J converges in L^(R") and hence in I?'(R") by Lemma r2.6f ii). Write 

i \ i J ieF ieF 

where F = {i £ N : k £ {0, 1)}. By Lemma liTTl we have that |.g(a;)| < A for all x £ f^A, 
which combined with Proposition I3.2f i) yields that 

\9{x)\ = |/(x)| < gN{f)ix) < X 

for almost every x £ il^. Thus, ||(?||ioo(R™-) < A. This shows (ii) and hence finishes the 
proof of Lemma 14.71 ■ 

Corollary 4.8. Let $ satisfy Assumption (A), uj £ A^^ (K"), qui be as in (|2.4p . 

q £ (q<^,oo) 

and integer N > N^,^, where N^,^ is as in dSHS]). Then /i* nC^"') ^ Ll{W) is dense 

Proof. Let / £ /^* ^r(M"). For any A > inf.eR. gN{f){x), let 
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be the Calderon-Zygmund decomposition of / of degree s with [n{q^/p,j, — 1)J < s < N 
and height A associated to GN{f)- By Lemma WM 






^{gN{f){x))i0{x)dx. 
ejv(/)(a;)>A} 



Therefore, g"^ —> / in /i* jv(-'^") as A — > oo. Moreover, by Lemma HTzT i). we have 

which together with Proposition I3.2r ii) implies g^ G L^(M"). This finishes the proof of 
Corollary IMI ■ 

5. Weighted atomic decompositions of /i* ^(M") 

In this section, we establish the equivalence between /ij ^vC^") ^^'^ /i^^'"^' ^(M") by using 
the Calderon-Zygmund decomposition associated to the local grand maximal function 
stated in Section HI 

Let $ satisfy Assumption (A), uj S A^^{W^), q^, p$ and iV$,„ be respectively as 
in (ini) . (fT^ and (fX^ . integer N > N^^^, and sq = [n{quj/p^ - 1)J. Throughout this 
section, let 

We take ka eZ such that 2'=°-^ < inf^gR>. ^7v(/)(a;) < 2'=" when 

inf gNif)ix) > 0, 

and when infj,£Rn GN{f){x) = 0, let /sq = — oo. Throughout the whole section, we always 
assume that k > kg. For each integer k > ko, consider the Calderon-Zygmund decompo- 
sition of / of degree s and height A = 2*^ associated to QnH)- Namely, for any A: > /cq, by 
taking A = 2*^ in (|4.ip . we now write the Calderon-Zygmund decomposition in (|4.7p by 

f^g' + Y.bl (5.1) 

i 

where and in what follows of this section, we write {Qi]i in (|4.2p . {Ci}i in (|4.3p . {Pi}i in 
(03]) and {6.,}., in ([121), respectively, as {Q'^}t, {C*"}*, {^f }i and {b\}i. Now, the center 
and the sidelength of Q^' is respectively denoted by x\ and ^,f . Recall that for all i and fc, 

E C' = Xa,. , supp (6f ) c supp (Cf ) C Qf , (5.2) 

{Qf*}« ^^^s ^^^ bounded interior property, and for all P G 7^s(R"), 

(/,PCf) = (^',^Cf). (5.3) 

For each integer k > k^ and i, j G N, let P^t^ be the orthogonal projection of 
(/ - P^'^^)Ci on PsCIR") with respect to the norm 



'^"3^i:?^^.L™|^^""'^'^^' 
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namely, -P; 1^ is the unique polynomial of Vs(^'^) such that for any P <eVs 



((/-F,*+^)cf,pcr ) =y^„^T(^)^(^)cr (^)^^- (5-4) 

Recah that a=l + 2-("+"). In what follows, let Qf = aQ^,, 

El^{zeN: IQ'^l < l/{2'n)} , 
F^ = {ieN: IQf I > 1} 



and 

Observe that 



F^={ieN: |g,f|<l}. 

Pt+^ ^ if and only if Qf n gf +'^* ^ 0. (5.5) 

Indeed, this follows directly from the definition of P^^^- The following Lemmas 15.11 



through 15.31 are just Lemmas 5.1 through 5.3 in [3 

Lemma 5.1. Let fij*" be as in (I4.ip with A = 2*^, Q^* and l^ he as above. 

(i) ijQ'y* n gf +^^* ^ 0, then ?)•+! < 2^7^;^ and gf +^^* C 26ngf C n^u. 

(ii) There exists a positive integer L such that for each i € N, the cardinality of 
{j € N : gf n gf +^^* ^ 0} is &0Mnrferf 6?/ L. 

Lemma 5.2. There exists a positive constant C such that Jar all i, j G N and integer 
k>ko with 1^^+^ e (0, 1), 

sup|/^^+i(y)Cf^(y)|<C2'=+i. (5.6) 

Lemma 5.3. For any k £ Z with k > kg, 

where the series converges both in 2?'(R") and pointwise. 

The following lemma gives the weighted atomic decomposition for a dense subspace 
of<jv(R")- 

Lemma 5.4. Let $ satisfy Assumption (A), uj e y4j2,'^(M"), q^^, p^ and A^$.tj &e respec- 
tively as in ()2.4p . ()2.6p anrf p.25p . //q G {qi^,co), integers N > A^<i.,cj, s > L"-(9tj/p$ — 1)J 
and A^ > s, t/ien for any f € (L« (R") n h^j^{W')), there exist Aq G C, {Af }fe>feo,» C C, 
a [p^co)^- single- atom ag and {p,oo,s)^- atoms {a^^k>ka,i such that 

/= EE^^'°^' + ^o°0' (5.7) 

k>ko i 

where the series converges both in I?'(R") and almost everywhere. Moreover, there exists 
a positive constant C , independent of f , such that 

^{\\a\}k>k,,^yJ {Aoao}) < C\\f\\^. ^(r„). (5.8) 
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Proof. Let / e (i9 (R")nft.* jv(I*"))- We first consider the case that ko = -oo. As above, 
for each k £ 'Z, f has a Calderon-Zygmund decomposition of degree s and height X = 2'' 
associated to GnU) as in (|5.ip . namely, 

i 

By CoroUaryEHand Proposition[321 we have that ^'^ ^ / in both ft.* ^(R") and ^'(R") 
as /c — >■ cx). By Lemma l4.7( i). ||<?'^||l2,(K") ^ as fc — > — cxd, and furthermore, by Lemma 
ESl^ii), g'' ^Oin ^'(R") as fc ^ -oo. Therefore, 

/= E (/'-'- 5') (5.9) 

fc— — oo 

in 2?'(R"). Moreover, since supp {J2i &?) C fl2k and w(ri2'') — >■ as fc — >• oo, then g'' — > / 
almost everywhere as A: — )■ oo. Thus, ()5.9p also holds almost everywhere. By Lemma 
and (|5.2p with fl2k+i C ^22*=, 



g'^'-g' 






VJ6J=^2 



E 



E^', (5.10) 



fef-Er'cf+ E ^rr' 

where all the series converge in both I?'(R") and almost everywhere. Furthermore, from 
the definitions of b'j and fe^^^ as in (|4.3p . we infer that when Zf S (0, 1), 

h^ ^ fXnl^j' - PtC^ + E ^'+'CfCr'+ E ^TCf'. (5.11) 

and when if e [l,oo), 

/^f = /Xo^,^,C--+ E P'^'CU-^'+ E ^'I'Cf^ (5.12) 

By Proposition 13 . 2f i) . we know that for almost every x G ^2*+i' 

\f{x)\<gN{f){x)<2'^+\ 

which, together with Lemma [4.11 Lemma IS.lf ii). (j5.5p . Lemma [5.2[ (IS.lip and (I5.12p . 
implies that there exists a positive constant Cio such that for all i G N, 

l|/ifl|LS=(a")<^io2'. (5.13) 

Next, we show that for each i and k, h^ is a multiple of a (p, oo, s)(^-atom by considering 
the following two cases for i. 

Case 1) i e E^. In this case, from the fact that l'^^^ < 1 for j e F2^^, we deduce 
that gf +^^* C Q{x^,a{lf + 2)) for j satisfying Qf n Qf^^'^* 7^ 0. Let 7 = 1 + 2-i2-n_ 
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Thus, when l^ > 2/(7 - 1), if letting Qf = Q{x\,a{l^ + 2)), then, 

supp(/i*^)cg,f C7Qf (zn^u. 
When l^ < 2/(7 — 1), if letting Q*^ = 2^nQ^*, then by Lemma ISU i) . we have 

supp(/if)cQf Cf^a'-- 

From the definition of Q^, Lemma r2.3f v) and Remark 12.41 with C = 2/(7 — 1), we infer 
that there exists a positive constant Cn such that 

cv{Q^)<Cnuj{Ql*)- (5.14) 

Let Ai = maxjCio, Cn}, 

A,* EE Ii2'=c.(Qf )p(c.(Qf )) (5.15) 

and af ee {\'y)-'^hf. From ([5l^ and supp(/if) C Q^ with l{Qf) > 2a > 1, it follows 
that af is a (p, 00, s)i^-atom. 

Case 2) i G ^^ In this case, if j € Fj^'+\ then if < l'^+^/{2^n). By Lemma OJi) , we 
know that gf n Q^ +^^* = for j e F^+'^. From this, dO]) and ([SHI)) , we conclude that 



I V^ pfc+lAfc+1 



jeF^^+i jeF^ 



Let Qf EEje^Qfc*. Then supp(/if) C Q,f. By ?f < l/i2^n), Lemma 0;v) and Remark 
12.41 with C = 4a, we know that there exists a positive constant C12 such that 

w(Qf) < Ci2c.(Qf ). (5.17) 

Moveover, h^ satisfies the desired moment conditions, which are deduced from the mo- 
ment conditions of (/ - P^j'Xf (see dS^) and (/ - P-+^)Cj^\f - Pt^.V^j^^ (^<^^ <E1)- 
Let A2 = maxjCio, C12}, 

\1 EE l22^c.(Qf)p(c.(Q,f)) (5.18) 

and a'i = (Aj')~^/if. By this, (|5.13p . supp(/i*') C Q'^ and the moment conditions of h'^, 
we know that af is a (p, 00, s)t^-atom. 

Thus, from (fS^j) . ((SHUl), Case 1) and Case 2), we infer that 

/-EE^^^ 

holds in both I?'(R") and almost everywhere, where for every k and i, A^ G C and 
a^ is a (p, 00, s)tj-atom, which shows ()5.7p in the case that fco = ^00 by letting Ao = 
0. Furthermore, by the fact that $(i) - Jq ^ ds for ah t e (0,oo), (fOSi) . dSHH]), 
()5.14p . ()5.17p . the upper type 1 property of $, Fubini's theorem and the bounded interior 
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property of {Qi*}, we know that for any A G (0, oo), 



k,i ^ ^ k,i ^ 

')k \ r / o^ ^ 



I J.. *(t)-<^)-s/.. Y.i 



JB" Jo * JR" V -^ / 

which implies (J5.8I) in the case that fcg = — oo. 

Finally, we consider the case that /cq > —oo. In this case, by / G /i* ^(M"), we see 
that a;(R") < oo. Adapting the previous arguments, we conclude that 

oo 

/ = E (ff'^' - -9") + 5'" ^ / + /°, (5.19) 

and for the function /, we have the same (p, oo, s)^-atoniic decomposition as above that 

/= E ^'«' (5.20) 

and 

A ({Afanfe>fco,0^ll/L* „(«")■ (5-21) 

From Lemma ITTTl ii). it follows that 

||5'11ls=(K'^) < ^92'=° < 2C^ ini^^NiDix), (5.22) 

where Cg is the same as in Lemma IJTTii). Let Aq = 2C92'="w(M")p(w(M")) and 

ao = AoV''- 
Then we have 

||ao|U2=(R") ^ [w(K")p(^(K"))]"^ 

Thus, we know that oq is a (p, oo)(^-single-atom and g'^'" = Aooo, which together with 
(|5.19p and (|5.20p implies (|5.7p in the case that fco > —00. Moreover, from (|5.22p . we 
deduce that for any A € (0, 00), 

^ ' \\u:{R^)p{u{M.^)) ) ^ ' \ \ ) ^ U^ \ A ) ^' ' 

which together with ()5.2ip implies (|5.8p in the case that fco > —00. This finishes the proof 
of Lemma [ 



40 D. Yang and S. Yang 

Remark 5.5. By its proof, all (p, cx), s)tj-atoms in Lemma 15.41 can be taken to have 

supports Q satisfying 1{Q) G (0,2]. Indeed, for any (p, oo, s)ij-atom a supported in a 

cube Qo with l[Qo) > 2, we know that there exist A^o G N, depending on ^(Qo) and n, 

and cubes {Qj}^\ satisfying 1{Q,) £ [1, 2] with i e {1, • • • , No} such that U^^^Q, = Qo, 

for any x £ Qo, 1 < Y.^=i XQi (x) < C{n), and 

^ No 

a=^^„ I^aXQ,, 

Z-ij=l XQj i=i 

where C{n) is a positive integer, only depending on n. For any given Aq G C and i £ 
{1, • • • , TVo}, let 

\QUj{Qi)p{uj{Qi)) 



I'i. 



i^{Qo)piuj{Qo)) 



and 






Then for any i e {1, 2, • • • , iVo}, bi is a (p, oo, s)tj-atom supported in the cube Qi and 

Aoa = ^7j6j. (5.23) 

i=l 

From the definitions of ji and 5i, UjJ'j^Qi = Qo, and for any a: G Qo, 

No 
i=\ 

we also conclude that for all A £ (0, oo), 

!"<*)* ( A.(fti;t(Q.)) ) ^ ^'"'"'«°'* (mww)) ■ '"^> 

Thus, by the proof of Lemma [5^ (j5.23p and (|5.24p . we see that the claim holds. 

Now we state the weighted atomic decompositions of /i* jy(^") ^^ follows. 

Theorem 5.6. Let $ satisfy Assumption (A), uj £ A^J^{R"), and q^ and N^,^ be re- 
spectively as in (|2.4p and p.25p . If q £ {qu,oo], integers s and N satisfy N > N^,i^ and 
N > s> [n(^ - 1)J, then 

/i^''^^(R") = /i*^(M") = C^^ JR") 
with equivalent norms. 
Proof. It is easy to see that 

/.^■-'^HK") c h^j'^^^iR-) c <^,. JK") c <^(R") c /J* ^,(M"), 

where the integers si and A^i are respectively no less than s and N, and the inclusions 
are continuous. Thus, to prove Theorem l5.61 it suffices to prove that for any integers TV, s 
satisfying N>s> [n^^ - 1)J, /i* ^r(M") C /i£'-'^(M") and for all / e /ij ^(M"), 



^p* 



ll/L£--(E") < ll/lkj 
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Let f £ h^ jy(M"). By Corollary 14.81 there exists a sequence of functions, 

{/,nWNC(/i*^.(M")nL2,(K")), 
such that for all m G N, 

ll/m||/i* „(R") - 2 ™II/L* jv(R") (5.25) 

and / = X^msN/™ i^ ^* 7v(I^")- By Lemma [5^ we know that for each m e N, /m has 
an atomic decomposition 

iez+ 
in V'{W^) with 

A({Arar}.)<ll/™L-„(M"), 

where {X^}iez+ C C, {a™}igN are (p, oo, s)(j-atoms and a™ is a (p, oo)(j-single-atom. 
Let 

Ao ^ c.(M")p(c.(R")) ^ \XnWo\\L-(M-) 

m—l 

and 

So 

Then 

m—l 

It is easy to see that 

||So|Uy(M.) < [c.(M")p(c.(M"))]-i, 

which implies that oq is a (p, oo)[^-single-atoni. Since $ is increasing, by ()5.8p . we know 
that for any m G N, 






'"■<«■''* cil/JU. ,.''°I!«..).M«..)) -- '• <"«) 



where C is as in (|5.8p . Let 

/ oo \ i/p« 



7-c 5:ii/™r, 



.jv(R") 



where C is as in ()5.8p . Then, from the continuity and subadditivity of $, the strictly 
lower type p$ property of <f> and (|5.26p . it follows that 



7w(M")p(w(R")) 



= a;(M")$^^™=^'^™'""™"^2r^""' 



7 
IP* 



- ^ '^, 7^* lc||/^L*^(R„)a;(M")p(c.(R"))] - ' 
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which together with (I5.25P imphes that 

A({Aoao}) < 7^ ll/L*_„(R")- 
Thus, we see that 

and 

This finishes the proof of Theorem 15.61 ■ 

Remark 5.7. Let p e (0, 1]. Theorem 15.11 when $(i) = tP for all t e (0,oo) was obtained 
by Tang gi Theorem 5.1]. 

For simplicity, from now on, we denote by /iJ(M") the weighted local Orlicz-Hardy 
space /i* jv(K") when iV > iV*,^. 



6. Finite atomic decompositions 

In this section, we prove that for any given finite linear combination of weighted 
atoms when q < oo (or continuous {p, q, s)(^-atoms when q — cx)), its norm in /i* jy(]R") 
can be achieved via all its finite weighted atomic decompositions. This extends the main 
results in [35l [57] to the setting of weighted local Orlicz-Hardy spaces. As applications, 
we see that for a given admissible triplet (p, q, s)^ and a /3-quasi-Banach space Bp with 
/3 € (OjIIj if T is a i3^-sublinear operator, and maps all (p, g, s)(^-atoms and (p, q)i^- 
single-atoms with q < oo (or all continuous (p, q, s)tj-atoms with q = cx)) into uniformly 
bounded elements of B/s , then T uniquely extends to a bounded ,B;3-sublinear operator 
from /i*(M") to Bp. 

Definition 6.1. Let $ satisfy Assumption (A), lu e Aj^,'^ (M") and {p, q, s)uj be admis- 
sible as in Definition 13.41 The space /i^' fj,' (K") is defined to be the vector space of all 
finite linear combinations of (p, q, s)tj-atoms and a (p, q)tj-single-atom, and the norm of 
/ in h^^'^^^iW') is defined by 



) = inf <^ A{{X,a,},) : / = E ^*'^*' ^ ^ ^+' i'^'ito ^ C, {a,}^^^ are 



E 

i=0 



(p, g, s)cj-atoms and oq is a (p, q)^-single-atom > . 

Obviously, for any admissible triplet (p, q, s)u:, 'i^' fi,' (IR") is dense in /i^''?'^(M") with 
respect to the quasi-norm || • \\ hf^' '^ •'(&") ■ 

Theorem 6.2. Let $ satisfy Assumption (A), tj e Aj2,''(M"), g^ &e as in (12.41) and 
(p, g, s)ui be admissible as in Definition \3.4\ 

(i) If q £ (gtjjOo), then \\ ■ ||/iP-9.-=(Hn) and || • ||;i'i>(Rn) are equivalent quasi-norms on 
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(ii) Let ^^' fl^n^cP^") denote the set of all f G h-^^n^i^^^) with compact support. Then 
II ■ llh'''°°'''(K") 'J'^'^ II ■ IUj(K") fl'^fi equivalent quasi-norms on h^ '^y^^ci^"^) ^ C{M"). 

Proof. We first show (i). Let q G ((7^,00) and {p, q, s)^ be admissible. Obviously, from 
TheoremEU we infer that /i^'.L'C*") C /i^'^'^lK") = h^iR"^) and for aU / G h^l^{W), 

ll/ll/!*(K") ^ ll/ll/i;;;,''j.:,=(K")- 

Thus, we only need show that for all / G ^^' gn (K"), 

ll/ll/!.P'«;„=^(R") ^ ll/ll/iJ(R")- (6-1) 

By homogeneity, without loss of generality, we may assume that / G ^^' giilK") with 
||/IU*(R") = 1- In the rest of this section, for any / G h'^ gn (IR")j let ko be as in Section [S] 
and iij'' with fc > fco as in gU with A = 2'=. Since / G ('/i* Ar(K") n L2,(M")), by Lemma 
15.41 there exist Aq G C, {A^}fe>feo,i C C, a (p, oo)tj-single-atom oq and (p, 00, s)tj-atoms 
{a^}fe>/co,i, such that 

/= EE^'«' + ^o°o (6.2) 

k^ko i 

holds both in 2?'(M") and almost everywhere. First, we claim that (|6.2p also holds in 
L«(IR"). For any x G M", by R" = \Jk>ko{^2>' \ ^2"+^). we see that there exists j G Z 
such that X G (il2J \ i^2J+0- -By the proof of Lemma [5.41 we know that for all k > j, 
supp(a^) C Q.f C 1^2'' ^ ^2J+i; then from (|5.13p and (|5.22p . we conclude that 



EE^'«'(-) 



k>ko i 



|Aoao(a;)|< ^ 2^ + 2^° <V <gN{f)(x). 

ko<k<j 



Since / G i^(M"), from Proposition [32Iii) , we infer that ajv(/)(a;) G i^(M"). This 
combined with the Lebesgue dominated convergence theorem implies that 

E E ^"^ + ^0^0 

k>kQ i 

converges to / in L^(IR"), which completes the proof of the claim. 

Next, we show (|6.ip by considering the following two cases for lu. 

Case 1) w(K") = 00. In this case, by / G -L^(M"), we know that feg = ~oo and 
ao(x) = for almost every x G M" in (|6.2p . Thus, in this case, (I6.2p has the version 

,fe 



/ = EE^^ 



Since, when w(K") = c», all (p, (7)tj-single-atoms are 0, if / G ^^'sn (I]^")' then / has 
compact support. Assume that supp (/) C Qo = Q{xo,rQ) and 

Qo = Q(2:o,V^ro + 23(10+")+!). 
Then for any ^ G ^^(R"), a; G R" \ Qo and i G (0, 1), we have 

^t^fix)^ i)t{x''y)f{y)dy^j iptix - y)f{y)dy = 0. 

jQ{xo,ro) JB{x,23(lo+,^))nQ{xo,ro) 



44 D. Yang and S. Yang 

Thus, for any /c e Z, V,2k C Qo, which imphes that supp {J2k<£Z Si ^i^i) ^ Qo- For each 
positive integer K, let 

i^if EE {{i, k): fc e Z, fc > fco, i e N, |fc| + i < iC} 

and 

(k,i)£FK 

Then, by the above claim, we know that Jk converges to / in L^(R"). Thus, for any 
given e £ (0, 1), there exists Kg € N large enough such that 

which together with supp (/ — Jko)/^ C Qo implies that (/ — Jkq)!^ is a (p, g, s)cj-atom. 
Moreover, we equivalently divide Qo into the union of some cubes {Qi\i^Y with disjoint 
interior and their sidelengths satisfying li G (1,2], where Nq depends only on tq and n. 
It is clear that 

ll(/-/K„)XQ./e||Li(E") < b(c.(Qo))]-M^(Qo)]^/'^~^ < \p{uj{Q,W\i^{Q.)\^l'^-\ 

which together with supp((/ - fKo)XQ,l^) C Qi implies that (/ - /Ko)XQ./e is a 
(p, g, s)tj-atom for i = 1, 2, • • • , Nq. Thus, 

No 

f = Jko + 5I(-^ ^ Iko)XQ. 
i=l 

almost everywhere is a finite linear weighted atom combination of /. Let 

bi = if - fKo)XQ^/<^ 

and take e = Nq . Then, by (|2.8p with t = uj{Qi), Remark l3.6r ii) and the lower type 
p$ property of $, 

ll/IU:-,S.,-(«.) < A ({Afof }(.,*)€F,.) + A ({f4.}£'i) 

< ll/ll«..-^<.~, + inf {a > : |.«3.)* ( ,^(Q_);,^(^_)) ) < 1 j < 1, 

which implies (|6.ip in Case 1). 

Case ^j aj(R") < oo. In this case, / may not have compact support. Similarly to Case 
1), for any positive integer K, let 

fii = Y. ^^"^^^ + -^o^o 
{k,i)eFK 

and bx = f — Jk, where Fk is as in Case 1). From the above claim, we deduce that fx 
converges to / in L^iMJ^). Thus, there exists a positive integer Ki S N large enough such 
that 

Thus, bxi is a (p, g)(^-single-atom and / = Jki + bxi is a finite linear weighted atom 
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combination of /. Moreover, by Remark IS.Gf ii) and (|2.8p with t = w(M"), 

< ll/ll/i''-''-=m")+inf |a>0: w(R")$ | , ,^ , \ , ) < ll < 1, 

which imphes (|6.ip in Case 2). This finishes the proof of (i). 

We now prove (ii). In this case, similarly to the proof of (i), we only need prove that 
foraU/e/.^;S;c(K"), 

ll/L£-°=' = (R") ^ ll/llhJ(R")- 

Again, by homogeneity, without loss of generality, we may assume that ||/||h'>'(R") = 1- 
Since / has compact support, by the definition of Gn (/) , it is easy to know that Gn (/) also 
has compact support. Assume that supp {GnU)) C 5(0, i?o) for some Rq E (0, oo). By 
/ e i^(M"), we have that GnI e L^iK"-). Thus, there exists fci e Z such that l^a^ = 
for any A: € Z with A: > fci + 1. By LemmaEHl there exist Aq € C, {X'^}ki>k>ko.i C C, a 
(p, oo)tj-single-atom ag and (p, oo, s)(j-atoms {a'^}ki>k>ko,i such that 

ki 
k—k(j i 

holds both in 2?'(M") and almost everywhere. By the fact that / is uniformly continuous, 
we know that for any given e e (0, oo), there exists a (5 € (0, oo) such that if 

|a;-y| < ^/nS/2, 

then \f{x) — f{y)\ < s. Without loss of generality, we may assume that (5 < 1. Write 
/ = /f + ./I with 

{i,k)eGi 

and 

(!',fc)eG2 
where 

Gi = [{i,k): 1{Q^) > S, ko < k < ki} , 



G2 = 



{(^,fc): liQ'i) < S, ko < k < k,} , 



and Qf is the support of a*^ (see the proof of Lemma lCT)) . For any fixed integer fee [fco, ki], 
by Lemma FS.lf ii) and $72)= C B{0, Rq), we see that Gi is a finite set. 

For any (i, fc) € G2 and x € Q,^, |/(a;) - f{xf)\ < e. For aU x G M", let 

7(a:)^[/(x)-/(x,^)]XQ.(a;) 
and ^^=(2;) = P^^{x) - f{x^). By the definition of P^^, for ah P e 7's(K"), 

7(x)-/^^x)lp(a;)Cf(x)da; = 0. 



46 



D. Yang and S. Yang 



Since |/(a;)| < e for all x G M" implies that GN{f){x) < e for all x G M", then by Lemma 
14.11 we see that 



sup 



Ptiy)Qiy) < sup GNiDiy) 



yen 



< 



(6.3) 



Let P/= ■ e 'Ps(M") be such that for any P e VsiW), 



>fe+i 



/(x) ~ ptix) cn^)PixKr'i^) dx = pt^Y{x)Pix)c+'{x) dx 



jk+l, 



>fc+l/ 



Since (/ - Pt)C^ = (/ - Pr)C.t by supp(Cf) C Q't, we have P^^ = i^^^. Then from 
Lemma [STU we deduce that 



sup 



^,(y)cr'(y) 



< 



sup 



eiv(/)(y) 



< 



(6.4) 



Thus, by the definition of Afo*=, ^. C,^^^ — Xo^k+i and (|5.1ip . we know that 

From this together with ()6.3p . (j6.4p and Lemma ISHT ii). it follows that lA^'a*"'! < e for all 
X G Qf with (i,fc) € 62. Moreover, using Lemma ISTT ii) again, we conclude that 

ki 

i/ii< E-^^(^i-^o)^- 

k—k(j 

By the arbitrariness of e, supp (/f) C 5(0, i?o) and j/f | < (fci — ko)e, we choose e small 
enough such that /f is an arbitrarily small multiple of a (p, (X), s)i^-atom. In particular, 
we choose Eq G (0, 00) such that /|° — Xa with |A| < 1 and a is a {p, 00, s)tj-atom, then 

/ = E ^'^^i + ^oao + Aa 
(i,fc)eGi 

is a finite weighted atomic decomposition of /, and 

ll/IU-~-(K")<ll/llh;(R") + l<l, 
which completes the proof of Theorem [ 



Remark 6.3. (i) From the proof of Theorem [Ol it follows that for any / e ^^' ^n (IR") 
with q G ((7^,(X)), there exist {Xj}'j^q C C, a (p, (7)tj-single-atom ag and (p, q, s)tj-atoms 
{0'j}j=i satisfying supp(aj) C Qj with l{Qj) € (0,2] such that / = J2j=o^i"'J '^^ both 
i« (R") and I?'(E"). Moreover, for all / e /i^;|„^(K"), 



inf < AjAiaJi : / = E '^*'^*' '^ ^ ^+' {"«J'i=i are(p, q, s) 



-atoms 



i=0 



satisfying supp(aj) C Qj, l{Qj) G (0,2] 
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and Go is a (p, q')^-single-atom > . 
(ii) Obviously, when (u;(M") — oo, 

KZM^'') n C(M") = /i^;^„^(M") n C(R"). 

As an application of Theorem 16.21 we establish the boundedness on ft,J(M") of quasi- 
Banach-valued sublinear operators. 

Recall that a quasi-Banach space yB is a vector space endowed with a quasi- norm || • ||e 
which is nonnegative, non-degenerate (i. e., ||/||b = if and only if / = 0), homogeneous, 
and obeys the quasi-triangle inequality, i.e., there exists a positive constant K no less 
than 1 such that for all f, g E B, 

\\f + 9h<Ki\\fU + \\gU). 

Let /3 G (0, 1]. As in [SHI EI]; a quasi-Banach space Bf; with the quasi-norm || • ||b^ is 
called a /3- quasi-Banach space if 

\\f + 9fs,<\\f\\l + \\9\fB, 
for aU f, g e Bfj. 

Notice that any Banach space is a 1-quasi-Banach space, and the quasi-Banach spaces 
/'^ and L2(R") are typical /3-quasi-Banach spaces. Let $ satisfy Assumption (A). By the 
subadditivity of $ and (|2.6p . we know that /i*(M") is a p$-quasi-Banach space. 

For any given /3-quasi-Banach space Bp with /3 G (0, 1] and a linear space y, an 
operator T from y to S^ is called Bp-sublinear if for any f^g^Bp and A, i^ € C, 

and 

||T(/)-T(5)b, <|lT(/-5)b, 

(see [Ml El!). 

We remark that if T is linear, then T is iJ/j-sublinear. Moreover, if Bp is a space 
of functions, and T is nonnegative and sublinear in the classical sense, then T is also 
B/3-sublinear. 

Theorem 6.4. Let (f> satisfy Assumption (A), oj e Ai^''(R"), q^^ be as in (|2.4p and 
(Pi ^i s)(j fee admissible. Let Bp be a /3-quasi-Banach space with (3 € (0, 1] and p be a 
upper type of $ satisfying p G (0, /3] . Suppose that one of the following holds: 
(i) q € ((7tj,oo) and T : ^^' flnCR") -^ Bp is a Bp-sublinear operator such that 

S" = sup {||r(a)||B^ : a is any{p, q, s)^-atom with supp (a) C Q and 

1{Q) £ (0,2] or {p, q)^ -single -atorn^ < oo. 

(ii) T is a Bp -sublinear operator defined on continuous (p, oo, s)^-atoms such that 

S = sup{ 1 1 T(a) 1 1 Bf) : ais any continuous (p, oo, s)uj-atoni\ < oo. 

Then there exists a unique bounded Bp-sublinear operator T from /iJ(M") to Bp which 
extends T. 
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Proof. We first show Theorem 16.41 under its assumption (i). For any / e ^^'fin(J^"); 
by Theorem I6.2f i) and Remark 16. Sf i). there exist a sequence {Aj}'^q C C with some 
I E N, a. {p, (7)t^-single-atom oq and (p, q, s)t^-atoms {aj}o=i satisfying supp(aj) C Qj 
and l{Qj) E (0, 2] for j G {1, 2, • • • , 1} such that / — J2j=o ^j'^j pointwise and 

A({A,a,}^-.o)<ll/IUs(K")- (6.5) 

Then by the assumptions, we see that 

<|EI^«|4 ■ (6-6) 

Since $ is of upper type p, then for any t E (0, 1] and s E (0, oo), we have ^{st) > iP$(s). 
Let Ao = {EU|^^F}'/''- Then, 

Thus, from this we deduce that Aq < AdAiOil'^p), which together with ()6.5p and ()6.6p 
imphes that 

r(/)||B, < Ao < A ({A.ajLo) < \\f\\h-(R^)- 

Since /i^' g^^ (E" ) is dense in /i J (R" ) , a density argument gives the desired conclusion in 
this case. 

Now we prove Theorem 16 .41 under its assumption (ii) by considering the foUowing two 
cases for uj. 

Case 1) a;(K") = oo. In this case, similarly to the proof of (i), using Theorem 16.2^ 1) 
and Remark ij;ii), we see that for all / E h^^^;^" {W^) n C(R"), 

r(/)b, <ii/iih5(R..). 

To extend T to the whole ft.J(R"), we only need prove that h''^ ^^'(R")nC(R") is dense in 
/i*(R"). Since /i^','^n^(R") is dense in /iJ(R"), it suffices to prove that /iJ^'J,;"(R")nC(R") 
is dense in /i^' g^n''(R") with respect to the quasi-norm || • |lft<f(Rn). 

To see this, let / E /i^' fi^n'*(E"). In this case, for any {p, oo)^-single-atom 6, b{x) = 
for almost every x E R". Thus, / is a finite linear combination of (p, oo, s)tj-atoms. 
Then there exists a cube Qo = Q{xQ,ra) such that supp (/) C Qo- Take E 2?(R") such 
that supp {(j)) C Q(0, 1) and J^,, 4>(x) dx = 1. Then it is easy to see that for any fc G N, 
supp {(j)k * f) C Q{xo,ro + 1) and (f>k* f E X'(R"). Assume that / = J2i=i ^i^i ^ith some 
A^ G N, {Xi}^i C C and {ai}^^ being (p, oo, s)^-atoms. Then for any fc G N, 

AT 

(j^k* f ^ '^K4'k * ai. 

i=l 

For any fc G N and i G {1, 2 • • • , A^}, we now prove that (/)fe * a^ is a multiple of some 
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continuous (p, cxi, s)^-atoni, which implies that for any k d N, 

'^fc*/e^';^„'(]R")nC(M"). (6.7) 

For i e {1, 2, • • • , N}, assume that supp(aj) c Qi = Q{xi,ri). Then 

supp(^fe *ai) C Qi^k = Q{xt,n + 1/2''). 
Moreover, 

Uk * a.|U<>c(„„) < ||a,|U=,(„„) < -^^^^-^-^^. 

Furthermore, for any a € Z" , J„„ ai{x)x" dx — implies that 

(pk * ai{x)x°' dx — 0. 

Thus, "(Q-)P('-(Q»)) ^ ^ * a, is a (p, oo, s)„-atom. 

Likewise, supp (/ — (fik * /) C Q{xo,rQ + 1) and f ~ (f>k * f has the same vanishing 
moments as /. Take q e ((7^^,00). By Lemma 12.6( 111). 

IIZ-'/'/c */||l^(r..) ^ as A:^ 00. (6.8) 

Without loss of generality, we may assume that when k is large enough, 

|l/-0fc*/llLa(R") > 0. 

Let 

ck = \\f-cl>k* fhuM'^MQixo, ro + l))]i/«-V(^(Q(a;o, ro + 1))) 

and ak = i-^^iit. Then, ak is a (p, q, s)^-a.toin, f — ipk^f = CkO-k: and c^ — >■ as fc — >■ 00. 
Thus, from (|2.8p with i = Ld{Q{xQ,ro + 1)), and Theorem 15. 6[ we infer that 

Wf-^k* /lkj(M") < Hickak}) <\ck\^0 (6.9) 

as fc — > 00, which together with ()6.7p shows the desired conclusion in this case. 

Case 2) w(]R"') < cx). In this case, similarly to the proof of Case 1), by Theorem l6.2f li'). 
to finish the proof of (11) in this case, it suffices to prove that /i^' ^n ''^ (^" ) ^ C(W^) is 
dense in h^'^^^{K'^) in the quasl-norm || • ||;ii'(Hr.). 

For any / £ h'^ ^^ ^ (M" ) , assume that 

f = ^ Aifli + Aqoo, 

where iVi G N, {K}fji C C and aq Is a (p, cx))^-slngle-atom and {ai}^\ are (p, 00, s)uj- 
atoms. Let {4>k}kefi C I?(]R") satisfy < -0^ < 1, V'fe = 1 on the cube (3(0, 2'^) and 

supp (i^fc)cQ(O, 2^+1). 

We assume that supp (X]i=i AiCi) C (3(0, i?o) for some Rq G (0, 00) and ko is the smallest 
Integer such that 2'=° > Rq. For any Integer /c > /cq, let fk = fipk- Then fk S ^^'.S.'cll^")- 
Indeed, by the choice of ipk , we know that 

/fc = ^ A^aj + AoaoV'fc 
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and supp(/fe) C (3(0,2*^+^). Furthermore, from supp(aoV'fc) C (3(0,2'^+^) and 

Waoi^kh^iM^) < ||ao|U2,(K.) < ^(R„)^(^(jg„)) < c.(Q(0,2^+i))p(a.(Q(0,2^+i)))' 
we deduce that agipk is a (p, oo, s)tj-atom. Thus, fk G ^u^n'^c(^")- ^"-"^ ^^^ fixed integer 
k > ko and any i S N, let fk^i ^ fk* 4'ii where (j) is as in Case 1). Similarly to the proof 
of (1131), we have Jk,^ G K^^n'd^'') ^ C{W). For any q £ {qu:,oo), from the choice of fk 
and aj(R") < cxo, we conclude that 

II/-MIl<L(R'^)<I / \f{x)\''cj{x)dx\ 

[Jq{Q.2>')'^ J 

< ||Aoao||L~(R") S / uj{x)dx\ -^0, (6.10) 

[^Q(O.2'=)0 J 

as fc — )■ oo. Furthermore, for any fixed fc e Z with k > fco, similarly to the proof of 
we see that ||/fe — /fc.illiifM") -^- as z ^- oo, which together with ()6.10p implies that 



f - fk 



^0 

L«(K") 



as k, i — >■ oo. Without loss of generality, we may assume that when k and i are large 
enough, \\f - fk^i\\Ll{R^) > 0- Let 

and ak,i = ^^ '"' ' . Then, f - fk,i = Ck,iak,i, ak,i is a (p, g)tj-single-atom and Ck^t -^ 

as fc, i — > oo. Then, similarly to the proof of (j6.9p . we know that ||/ — fk, i\\h^{R") ^ as 
k, i —i' oo, which completes the proof of Case 2) and hence of Theorem 16.41 ■ 

Remark 6.5. Let p e (0, 1]. We point out that Theorems l6.2[' i) and l6.4f i) when $(t) = tP 
for all t G (0, oo) were obtained by Tang [IHl Theorems6.1 and 6.2]. Theorems l6.2f ii) and 
ii) are new even when ui = 1 and $(i) = t^ for all t € (0, oo). 



7. Dual spaces 

In this section, we introduce the BMO-type space bmo^ ljI-I^") ^^.d establish the duality 
between /i£''''*(R") and bmo^ (^(R"), where and in what follows, - + -^ = I. From this 
and Theorem 15.61 we deduce the duality between /i*(R") and bm0p^i^(R"), and that 
for q G [1, — %:y), bmo' ^(R") = bni0p^(^(R") with equivalent norms, where the symbol 
bm0p_^(R") denotes bmoj ^(R"). We begin with some notions. 

For any locally integrable function / on R" , we denote the minimizing polynomial of 
/ on the cube Q with degree at most s by Pnf, namely, for all multi-indices 6 e Z" with 
O<\0\< s, 



f [f{x)~P^f{x)]x'dx = 0. (7.1) 

JQ 
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It is well known that if / is locally integrable, then PA/ uniquely exists; see, for example, 
|48| . Now, we introduce the BMO-type space bmo^ ^^(M") as follows. 

Definition 7.1. Let <& satisfy Assumption (A), u e A^^iW^), and g^, p$ and p be 
respectively as in iMl), ^M and dSJ]). Let g e [1, ^^) and s e Z+ with s > [n(^-l)J. 
When w(R") = oo, a locally integrable function / on M" is said to belong to the space 
bmo«,„(E"), if 

1 f 1 /■ ^ ^^"^ 

ll/llbmo?,^(R")= sup ,(,,(n\\ \777y\ / |/(^) " -PQ/(^)r [^(^)]^'''^^ 

QCR",|Q|<1 Pl^WJj I'^^WJJQ 

QcK",|Q|>iP(w(Q)) La;(Q) 7q J 

where the supremum is taken over all the cubes Q C M" and PqJ is as in ()7.ip . When 
w(]R") < cx), a function / on K" is said to belong to the space bmo^ ^(K") if 

1 f 1 /■ ^ ^/'^ 

l/llbmo?,.(R")= sup ,/, ,rn^^ 1 7775Y / |/W " ■PQ/(^)r [^(^)]^~'^^^ 

E"JQ|>1 p(w(Q)) l^lQ) JQ 



QCR".|Q|>lP(^(Q)) lw(Q)yQ 



I ( I r .1/. 



where the supremum is taken over all the cubes Q C M" and PqJ is as in (|7.ip . 

When w = 1, <& = i for all t S (0, oo) and g = 1, the space bmo^ ^(K") is just the 
space bmo(M") introduced in [T5] . 

Now, we establish the duality between ft,£''^'''(M") and bmo^ ^(M"). We begin with 
the notion of the weighted atomic Orlicz-Hardy space iJ£''''''(R"). 

Definition 7.2. Let $ satisfy Assumption (A), w e Aj^'=(M"), p be as in (12. 7|) and 
(p, 5, s)a; be admissible. A function a on M" is called an H^;'^' ^{W^)-atom if there exists 
a cube Q C M" such that 

(i) supp (a) C Q; 

(ii) ||a|U,(R„) < [u{Q)Y'^-^[p{u{Q))r^- 

(iii) L„ a(a;)a::" rfa; = for all multi-indices a € Z" with |a| < s. 
The weighted atomic Orlicz-Hardy space iJ£'*'*(R"') is defined to be the space of all 
/ e V'{R") satisfying that / = E^i ^^a* in 2?'(R"), where {aJ.eN are ff£'«'^(]R")- 
atoms with supp(ai) C Qi, and {AijigN C C, satisfying 

Moreover, the quasi-norm of / G i/£''''''(M") is defined by 

||/|Up.,..(K„)^inf{A({A,a.}-i)}, 
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where the infimum is taken over all the decompositions of / as above and 

A((WE,) = in.{A>0: |.,0,,* ( JL_) < ij . 

Furthermore, the space -ff^'gn (K") is defined to be the set of all finite linear combi- 
nations of HP- 1- "^ (M")-atoms. 

Obviously, the space -ff^'I'n (R") is dense in the space if£''^''*(M") with respect to the 
quasi-norm || • ||_h-£'''°(E")- 

Definition 7.3. Let $ satisfy Assumption (A), u e A^^ (K"), g^^, P* and p be respec- 
tively as in ([131), (EH) and dTT]). Let q G [1, ■^^) and s G Z+ with s > [n{^ - 1)J ■ A 
locally integrable function / on M" is said to belong to the space BMO^ tj(K") if 

II/IIbmo' (E") = sup , ,^,, < —r7^ / \f{x)-P^f{x)\''[uj{x)Y"idx\ < oo, 



QCR" P(w(Q)) iw(Q) Jq !•"■"' ^^ J 

where the supremum is taken over all cubes Q C M" and -PA/ is as in (17. ip . 
Now, we establish the duality between H£'9'''(M") and BMO«'„(E"). 

Lemma 7.4. Let $ satisfy Assumption (A), tu € ^!^'^(]R"), g;^ and p be respectively as 
in (|2.4p and (|2.7I) . and (p, q, s)uj be admissible. Then [fl^' ''^(R")] , the dual space of 
HP-i-'{R^), coincides wii/i BMO«'„(R") in the following sense. 

(i) Let g S BMO^ ^(R"). Then the linear functional L, which is initially defined on 
KXim by 

L{f)^{gJ), (7.2) 

has a unique extension to iJ£''^'*(R") with 

ll^ll [//£■'•=(»")]* < C'II.9IIbmo?:.(K")' 
where C is a positive constant independent of g. 

(ii) Conversely, for any L G [iJ^^ '^ "(M")]*, there exists g G BMO^'^(M") such that 
dLl holds for all f e H^jl^HW) and 

II-9IIbmo?:^(R") - <^ll^ll [«£■"•=(»")]*' 
where C is a positive constant independent of L. 

Proof. We borrow some ideas from [48] and [33j Theorm 4.1]. Let (p, q, s)^ be an ad- 
missible triplet. First, we prove (i). Let a be an _ff£'^'*(R")-atom with supp (a) C Q and 
g g BMOp (^(R"). Then by the vanishing condition of a and Holder's inequality, we have 



a{x)g(x) dx 



(^{x) [g{x) - Pqgix)] dx 



- II5IIbmo?;,.(R")' C^-^) 
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where Pgg is as in (|7.ip . Let 

where ko G N, {Xi}ili C C and for i G {1, 2, • • • , fco}, at is an iJ£'9'''(R")-atom with 
supp (fli) C Qi. Since $ is concave and has upper type 1, by Remark 13. 6f iii). we know 
that Y.i \^i\ ^ M{^iO'i}tli)^ which together with (f73| implies that 



f{x)g{x)dx 



< 



y]|Ai| / a.i{x)g{x)dx 

< |£l^4 ll5llBMO?:.(ffi") ^^({^^«^}'£l) "5IIbMO?L(E")- 

Thus, by the above estimate and the fact that i?,^; !„''(»") is dense in iJ£'9'"(M") with 
respect to the quasi-norm || • \\h^-''-^{R'^)j we know that (i) holds. 

To prove (ii), assume that L G [iJ£'«"'(M")]*. Let Q C M" be a closed cube and 



Lls{Q)^[.feLl{Q): j f{x)x'^ 



dx^O,ae 1\, \a\<s\, 



where / G i« (Q) means that / G -L«(M") and supp (/) G Q. We first prove that 

[H£'''^(M")]*C[L«,,(Q)]*. (7.4) 

Obviously, for any given f £ L^ siQ)^ 

is an H£^«'"(R")-atom. Thus, / G i/£^«'^(M") and 

||/||ffP.,.=(R„) < [c.(Q)]1/9'pMQ))||/|U,(q), 
which implies that for all f E L'^^ siQ)y 

\Lf\ < ii^iiii/iiff£--(Kn) < HQ)]'/''' p{i^{Qmmf\\LUQ)- 

That is, L G [i«,s(Q)]*- Thus, ^^ holds. 

From (|7.4p . the Hahn-Banach theorem and the Riesz represent theorem, it follows 
that there exists agGL^ (Q) such that for all / G LJJ, ^{Q), 



Lf = / f{x)g{xMx) dx, (7.5) 

where when q = oo, we used the fact that L^ ^{Q) C L2 siQ) fo^' ''^W 7 ^ [IjCo) a-^id 
^Z,siQ) <^ ^h,siQ)- Taking a sequence {QjljeN of cubes such that for any j G N, 
Qj C Qj+i and limj_j.oo Qj = R"- From the above result, it follows that for each Qj, 
there exists a gj G L^ (Qj) such that for all / G L^^siQj)^ 

Lf = f{x)gj{x)uj{x)dx. (7.6) 
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Now, we construct a function g such that 

Lf = / .f{x)g{x) dx 

for all / G Ll^siQj) a-nd all j e N. First, assume that / G ^'^(Qi). By (frB| . we know 
that there exists a gi € L^) (Qi) such that 

L.f = j f{x)gi{x)uj{x)dx. 
JQi 

Notice that / G i2,,s(Qi) ^ i2;,s(Q2)- By ((TH) again, there exists a 52 G L'>^{Q2) such 
that 

LJ = I f{x)gi{x)u}{x)dx ^ / /(2;)g2(a;)w(x) dx, 
"'Qi JQ2 

which implies that for all / G L"^ s(Qi)j 

fix)[gi{x)^g2ix)]ioix)dx = 0. (7.7) 



For any given /i G L«(gi),let/i = h-P^^h. Then by fTT]) . we know that fi G i2,,s(Qi). 
For /i, by (|7.7p . we have 



[^1(2;) - -PQi^(a;)][ffi(a;) - 52(a;)]w(a;) da; = 0, 
1 

which combined with the well-known fact that 

/ PQ^Hx)[9i{x)~g2{x)](^{x)dx:^ h{x)P^^{{gi-g2)uj){x)dx 

JQi JQi 

implies that 

/ h{x){[g,{x)-g2{x)Mx)~P^,{{gi~92)^){x)}dx^0. (7.8) 

JQi 

For j = 1, 2, let g^ = gjUj. By (fTS]) . we know that for all /i G i« (Qi), 

f ., ,f [gi(^)-g2(x)]-P4,(.9i-g2)(:r) ^ 

/ ^(a;) <^ ^ }uj{x)dx^O, 

which implies that for almost every a; G Qi, 

gi{x)~ g2{x) ^ P^^{gi ~g2){x). 

Let 

[51(2;), when X G Qi, 

9KX) = < 

[9i{x) + Pq,{9i - g2){x), when a; G (Q2\Qi)- 

It is easy to see that for any f £ L^ siQj) ^i^^i J ^ {^j 2}, 

Lf=f fix)g{x)dx. (7.9) 



In this way, we obtain a function g on R" such that ()7.9p holds for any j G N. 
Finally, we show that g G BMO^'^(R") and for all / G Hl^^tnC^")^ 

Lf=f f{x)g{x)dx. (7.10) 
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Indeed, for any i/£''^'^(M")-atom a, there exists a jo G I^ such that a E L^ siQja)- 
By this and the fact that (|7.9p holds for any j E N, we see that (|7.10p holds for any 
/ e i?;^'fi„''(IR"). It remains to prove that g e BMO^'„(R"). Take any cube Q C M" as 
well as any / S L^^iQ) satisfying H/Hl? (q) < 1 and supp (/) C Q. Let 

a^ C-'HQ)]'^^' [piojiQ))]-\f - P^f)XQ, (7.11) 

where C is a positive constant. Obviously, supp (a) C Q. We choose C such that a 
becomes an i?£'''*(R")-atom. From the equality 

La — / a{x)g(x) dx 
JQ 



and L e [if£'9'"(M")]*, it follows that 



\La\ = 



a{x)[gix)- PQgix)]dx 



< ll^ll [«£■'■"(«'•)]*• (7-12) 



By (TTTTI) . ((71^ and ^A^, for ah / e LKQ) with ||/||lS(q) < 1, we see that 



f{x)[g{x)-PAg(x)]dx 



^ 11-^11 [_f/£'''=(R")]*) 



[c.(Q)]V.'[p(c.(Q))]- 
which implies that 

[uj{Q)]'/i'[p{oj{Q))]-'I^J \gix)-P^gix)\'^'[Loix)]'-'^'dx'j ' < ||L||[h- -(«")]•• 

Thus, g e BMO«'„(M") and ||5|Ibmo?'„(R") ^ II^II[h£' "'=(»")]*■ This finishes the proof of 
Lemma [731 ■ 



Now, we give the duality between ft,^'*''*(K") and bmo^ ^^(K.") by invoking Lemma 

EH 

Theorem 7.5. Let $ satisfy Assumption (A), uj e A^^{R^), q^ and p be respectively 
as in (12. 4p and (j2.7p . and (p, q, s)^^ &e admissible. Then [h^j''' '^(R"')] , the dual space of 
/i^''''*(M"), coincides withhmo'i ^(R") in the following sense. 

(i) Let g G bmo^ ^(R"). T/ien the linear functional L, which is initially defined on 

^^■,r(I»") by 

Lif) = {gJ), (7.13) 

has a unique extension to /i^'''*(R") with 

where C is a positive constant independent of g. 

(ii) Conversely, for any L G [/i^'''' '*(R")] , there exists g € bmo^ ^^(R") such that 
(rm)l holds for all f € h^jXi^") "-^^ 

ll'?llbmo?:.(K") ^C'II^IIK'''=(R")]*' 

where C is a positive constant independent of L. 

Proof. Let (p, q, s)i^ be an admissible triplet. Obviously, the proof of (i) is similar to the 
proof of Lemma mT i). We omit the details. 
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Now, we prove (ii) by considering the following two cases for cj. 
Case i) a;(M") = cx). In this case, let Q C R" be a cube with 1{Q) £ [l,oo). We first 
prove that 

K'^'iRnrclLUQT. (7.14) 

Obviously, for any given / S L'l^{Q), 

is a (p, q, s)„-atom. Thus, / G /i£'9'"(M") and 

which implies that for any L e [/(,£^«' "(M")]*, 

\Lf\ < ||i||[/i£-<''=(R")]-|l/ll/i£' "■=(«") < ['^(Q)]^^''p(^(Q))ll/llLi(Q)l|i||[h£"''=(R")]*- 

That is, L e [LUQ)]*- Thus, ((Till holds. 

Now, assume that L e [/i^''^' ''(M")]*. Similarly to the proof of ((73|) . we know that 
there exists ag £ L'^ (Q) such that for all / e L^{Q), 



Lf ^ fix)g{x)uj{x) dx. 
JQ 

Taking a sequence {Qj}jeN of cubes such that for any j e N, Qj C Qj+i, limj^oo Qj = R" 
and ^(Qi) G [l,oo). From the above result, it follows that for each Qj, there exists a 
9j £ L^iQj) such that for all / e L'^{Qj), 

Lf= I f{x)g,{xMx)dx. (7.15) 

Now, we construct a function g on M" such that 



i/ = / fix)g{x) dx 

holds for ah / e L'^iQj) and j G N. First, assume that / e L^{Qi). By (|7.15p . we know 
that there exists agi £ L^ (Qi) such that 



L.f = / f{x)gi{x)uj{x)dx. 
JQi 

Notice that / e L^{Qi) C L%{Q2). By (|7.15p again, there exists a ^2 e Ll,{Q2) such 
that 



Lf = j f{x)gi{x)u}{x)dx = / /(x)g2(a;)w(a;) dx, 
which implies that for all / G L1^{Qi), 

f{x)[gi{x) - g2{x)]uj{x) dx = 0. 



Thus, we obtain that for almost every x E Qi, gi{x) = g2{x). For j = 1, 2, let gj = 5jW 

and 

I 5i(a;), when x £ Qi, 
5(x) = < 

152(2;), when a; e (32 \ Qi. 
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It is easy to see that for all / e L^{Qj) with j e {1, 2}, 

Lf = f{x)gj{x)dx. 
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(7.16) 

Continuing in this way, we obtain a function g on R" such that ()7.16p holds for all j e N. 
Finally, we show that g e bnio«'^(M") and for aU / e h^^'^^^iW'), 

(7.17) 



-^/= / f{x)g{x)dx. 

Indeed, since lli(R") — co, all (p, g)(^-single-atoms are 0, and for any (p, q, s)(^-atom a, 
there exists a jo G N such that a G L^{Qjg). By this and the fact that ()7.16p holds for 
ah j G N, we see that (fTTT]) holds. 

Now, we prove that g G bmOp ^(R"). Take any cube Q C M" with 1{Q) G [l,oo) as 
well as any / G L« (Q) with W/WlKq) < 1- Let 

as[c.(Q)]-W[p(c.(Q))]-i/XQ- 
Then a is a {p, q, s)i^-atoni and supp (a) C Q. From the equality 

La — / a{x)g{x) dx 
JQ 

and L G [/i£^«' ^(R")]*, we deduce that 



\La\ = 



a(x)g{x) dx 



<\\L\ 



K- "• 



.)]- 



Thus, for any / G L^^iQ) with ||/||l9(q) < li we have 



[co{Q)]-'^^'[p{Lo{Q))]-' 
which implies that 



f{x)g{x)dx 



<\\L\ 



-u:{Q)]-^/'^'[p{u:{Q))]- 



\g{x)[>' [Lo{x)Y-'i' dx 



1/?' 



<l|i| 



i")]* 



[/iS- «•=(»")]* ■ 



(7.18) 



Furthermore, from /i£^'?^'*(M") D iJ£''?^"(M") and 

ll/ll/C'°(K") - II/IIh£-''°(K") 

for ah / G i7£''?,s(K»)^ ^e deduce that 

[/i^''''"(R")]* c [iJ£''?-'*(K")]* 
and L I jjP. <,.=(„„) G [H£^9'^(R")]*. Since (jTTT)) holds for ah / G H^X^^""^' ^^ Lemma 
miii). we know that .g G BMO«'„(R") and 

Thus, this estimate together with (j7.18p implies that g G bmo' ^(R") and 
which completes the proof of Theorem I7.5( ii) in Case i) . 



,|Q|>iP(w(Q)) ta;(Q) Jq 
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Case ii) a;(M") < oo. In this case, let 

{oo 
f = Y^ A,a, in X>'(R") : For i G N, a, is a (p, q, s)^-atom, 

supp(a.) C Q. A. G C and ±.{Q.)<^ ( ^(Q,v"ii(Q.)) ) < -} 
and for all / G /^&^(M"), 

where the infimum is taken over all the decompositions of / as above. For any / G 
LL(R"),let 

11/11 ^^ , , = sup — i— (^ / |/(x) - Fe/(x)r'[c.(x)]i-«' dxj 

1/?' 



and 

b^JM") ^ (/ G Ll^ (R") : 11/11 -V . < ^ 
Similarly to the proofs of (i) and Case i), we conclude that 

"^&^(R")]* = bmo^;^(R"). (7.19) 

Now we claim that 

[ft£'«'^(R")]*c[i«(M")]*. (7.20) 

Indeed, for any / G L^(R"), let 

a ^ [..(M")]i/?-Mp(a.(K"))]-^ll/llZ^(K„)/. 
Then a is a {p, q)^-single-atom, which implies that / G /i£' "?' '*(R") and 

ll/ll,c'-(K") < I^(R")]'/'^V(c^(R"))I1/I1ls(E")- 

Thus, for any given L G [hPj'^''{m.")]* and aU / G Ll{W"), we have 

\Lf\ < lli|l[,C-"(K"rll/IU--(K") < I^(R")]^/'^V(c.(R"))ll/llL.(E.)llL|l[^p.-(K.r. 

That is, L G [L9(R")]*. Thus, ([7:2011 holds. 

Now, assume that L G [/i£'«'''(R")]*. From w(M") < oo, it follows that 

i-(M«) c L3(R") 

for any 7 G [l,oo) and i2,'(R") C ii,(R"). By this, (lL20l), the Hahn-Banach theorem 
and the Riesz represent theorem, we conclude that there exists a.gEL'^ (R") such that 
for aU / G Ll{W) with q G ((?„,oo], 

Lf ^ f{x)g{x)uj{x)dx. 
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Let g = guj. Then we know that for all / e L^(M"), 

Lf^f I{x)g{x)dx. (7.21) 

Finally, we prove that g E bmo' (^(M") and 

Obviously, CM holds for all / e /i^;L'(»")- For any / G L^(R") with ||/|U.(k.) < 1, 
let 

Then a is a {p, g)tj-single-atom. From (|7.2ip with f = a and L e [/i£'«''*(R")]*, we deduce 
that 



That is, 



\La\ 



a{x)g{x) dx 



<\\L\ 



[/i£' «•=(»")]* 



c.(R")]-V'^ [p(c.(R"))]- 



f{x)g{x)dx 



<\\L\ 



[hP- "■=(«")]•: 



which together with ||/||lS(R") ^ 1 implies that 



:c.(R")]-i/'^' [p(c.(R"))]-i / |g(a;)r' [u;(x)]i-«' dx < \\L\\ [,p, „.(„„)]. . (7.22) 



1/9' 



Moveover, from tPji'^iW) D ;i&«^''(R") and 

for aU / e /^&«^(R"), we conclude that [/i^''?.''(R")]* c [^^^(R")]* and 



'/i'£^^=(K")^ 



/i&«'''(R") 



Thus, by ((7T^ and dHH]), we know that g e bmo^'„(R") and 



1151 



< 



bmo;5.i^(R'») 



[/i£''''°(R")]* 



^ 11-^11 [/iP'''''(R")]* J 



which together with (|7.22p implies that g £ hmo'i ^^(R") and 

ll5llbmo;5:^(R") ^ II^IIk' '■'(«")]* • 

This finishes the proof of Theorem 17.51 ■ 

When q — 1, we denote bmo^ lj(^") simply by bmOp_(^(R"). By Theorems 15.61 and 
17.51 we have the following conclusions. 

Corollary 7.6. Let $ satisfy Assumption (A), to e A]^ (R"), Quj and p he respectively 
as in ^T^ and ^TT^. Then for q € [1, -^), bmo^ ,^(R") = bmOp,„(R") with equivalent 
norms. 

Corollary 7.7. Let $ satisfy Assumption (A), w e A^^ (R") aniip &e as in ()2.7p . T/ien 
[/iJ(R")]*=bmOp,„(R"). 
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8. Some applications 

In this section, we first show that local Riesz transforms are bounded on /iJ(R"). More- 
over, we introduce local fractional integrals and show that they are bounded from h'^p (M") 
to Ll,{W) when g G [l,oo), and from /iJ^p(M") to /i^,(M") when g e (0, 1]. Finally, we 
prove that some pseudo-differential operators are bounded on /iJ(R"), where uj G Ap{(j)) 
which was introduced by Tang [SD] (see also Definition 18.131 below) and is contained in 
A^°''{W) forpe [l,oo). 

Now, we recall the notion of local Riesz transforms introduced by Goldberg [TB]. In 
what follows, 5(R") denotes the space of all Schwartz functions on R". 

Definition 8.1. Let (po G X'(R") such that 0o = 1 on (3(0,1) and supp((/)o) C (9(0,2). 
For j e {1, 2, • • • , n} and x £ R", let 

'=j(^) = ^i+T'^o(x). 

For / £ 5(R"), the local Riesz transform rj(f) of / is defined by rj{f) = kj * f. 

We remark that (f>Q in 18] was assumed that (/jq = 1 in a neighborhood of the origin 
and (po £ I?(R"). In this paper, for convenience, we assume (/iq = 1 on (5(0,1) and 
supp((^o) C (9(0,2). We have the boundedness on /iJ(R") of local Riesz transforms 
{rj}j as follows. 

Theorem 8.2. Let <i> satisfy Assumption (A), uj £ Aj^'^ (R") and p^ be as in (|2.6p . For 
j £ {1, 2, ■ ■ ■ , n}, let rj be the local Riesz operator as in Definition \8.1[ If p^ = p^ and 
$ is of upper type p^, then there exists a positive constant Cq = (7o($, uj, n), depending 
only on $, q^, the weight constant of ui and n, such that for all f £ /i*(R"), 

ll''i(/)L;(R") - C'o||/||/iJ(R")- 

To prove Theorem 18.21 we need the following lemma established in [121 Lemma 8.2]. 

Lemma 8.3. For j £ {1, 2, • • • , n}, let rj be the local Riesz operator as in Definition \8.1\ 
(i) For UJ £ j4p°'^ (R") with p £ (1, cxj), then there exists a positive constant 

Ci = Ci{p, UJ, n), 

depending only on p, the weight constant of uj, and n, such that for all f £ U^{W^), 

lk,(/)ILs(K„)<C7il|/lJiP(R„). 

(ii) For u! £ A^i'^ (R"), there exists a positive constant C2 = C2{uj, n), depending only 
on the weight constant of uj, and n, such that for all f £ L;Jj(R"), 

lk.(/)llLi-(K")<^2l|/l|Li(R")- 

Now, we prove Theorem 18.21 by using Theorem 16.21 and Lemma 18.31 



Proof of Theorem \8. 'A Let s = [n(gtj/p$ — 1)J, where q^j and p^ are respectively as in 
(|2.4p and (|2.6p . Then {n + s + l)p$ > nq^^, which implies that there exists q £ {qu:,oo) 
such that {n + s + l)p,i > nq and uj £ A^"" (R"). To show Theorem 15?^ by Theorem lOTi) 
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and Theoreni l3.2[ it suffices to show that for any (p, g)(^-singie-atoni a or {p, q, s)ij-atoni 
a supported in Q{xo, Rq) with Rq G (0,2], 

||e5^(''.(«))ILj(K„)<i- (8.1) 

First, we prove (|8.ip for any (p, g)t^-single-atom a ^ 0. In this case, w(M") < oo. Since 
$ is concave, by Jensen's inequality. Holder's inequality, Proposition l3.2r ii). Lemma l83l i) 
and ^^ with i ee w(M"), we have 

^{g%{rj{a)){x))uj{x)dx 
- "^^^"^"^ ijJ^) L ^''N{rj{a)){x)u{x) dx^ 

< -(M")$ [j;j^ [l [g%irMm^^ix)dxY'^ 

< w(M")$ 



^a;(M")p(a;(R"))^ 

which implies (|8.ip in this case. 

Now, let a be any (p, q, s)^-atom supported in Qq = Q{xq, Rq) with Rq e (0, 2]. We 
prove (|8.ip for a by considering the following two cases for Rq. 

Case 1) i?o G [1, 2]. In this case, by the definitions of rj(a) and G%{ri{a)), we see that 

supp {g%{rj{a))) C Q5 = Q(a:o, i?o + 8). 

From this, Jensen's inequality. Holder's inequality. Proposition I3.2f ii) . Lemmas 18.31 and 
lOf v). Remark [13] with C ee 2 and ([Ml) with i = w(Qo), we infer that 



^^^"^'^ (rq^^ II^.(«)II.m«-^)) ^ -Wo)a> {j^j^M 



\oj{Qo)p{uj{Qq))J 
which implies ()8.ip in Case 1). 

Case ^j Ro G (0, 1). In this case, let Qo = SnQo. Then 

*(e5(r(r,(a))(x))L^(x)dx= / $(^^(r,(a))(a;))L^(x)dx- 

= Ii+l2. (8.2) 
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For Ii, similarly to the proof of Case 1), we have 

1 



Ii < uj{Qo)^ 



< 






[g%irj{a)){x)Yuj{x)dx 



l/gN 



MQo)p{^{Qo)) J ^' ^^'^^ 

To estimate h, let x e (Qof, t G (0, 1), t/j e I?a,(M") and P^ be the Taylor expansion 
of ip about (x — xo)/t with degree s. Then by the vanishing condition of a, we see that 

1 



\rj{a)*Mx)\ 



1 



rj{a){y)iP [ -^— ] dy 



r^(a)iy)i^p{^^]-P,1, 



X — y 



dy 



< 



2v^Qo 



,ia){y)\ 



^r-^}-P:l 



x-y 
t 



dy 



= Gi + G2 + G3. 



Q(a:o, 



t > 



(8.4) 

To estimate Gi, by t G (0,1) and x € (Qo) , we see that Gi ^ implies that 
From this, Taylor's remainder theorem. Holder's inequality. Lemma 18. 3f i). 



3|a;-3:o| 



p.ip and Remark l2.2f ii). we deduce that 

>| 1/9' 

x|y-xo|(^+i)''[c.(2/)]-«'/«dy 



(a» 



< 



< 



Rr, 



|n+s+l 



1 



l«lli'( 



[u^iyT^'/'dy 



1/9' 






a;(Qo)p(w(Oo))k-a;o|"+^+i' 

where 6* € (0, 1), ^ = e{x - y) + {1 - e){x - xq) and | + J7 = 1. 

To estimate G2, by the definition of kj with j G {1, 2, • • • , n}, we have 

1 



E i(^"^.)wi 



< 



|n+s+l 



(8.5) 



(8.6) 



aeZ^, \a\ = 



for aU ^ e E" \ {0}. For any fixed y e {Q{xa, ^f^) \ 2y/EQo), let JsTJ be the Taylor 
expansion of kj{-) at the point y — xq with degree s. Moreover, it is easy to see that 
G2 7^ implies that t > i^-^Bii From this, Taylor's remainder theorem, ()8.6p . Holder's 
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inequality, Lemma FS-Sf i) and (|2.ip . we conclude that 
1 



G2< 



i" 



Q{xo, 



2V^ 



-)\(2V^Qo) iJQo 



\a{z)\\kj{y - z) - KUy - z)\ dz 



< 



x-y 



ps 



X-y 
t 



dy 



< 



< 



fn+s+l 

x\y - xo\'+'^ dy 
1 



'3(=^o,4^)\(2v^Qo) 



\a(z)\ , ^, , , , — dz 



lei 



n+s+l 






1 



2v/^ 



d)\{2^Qo) \y-xo\ 



■dy 



< 



Tjn+s+l 

Kg 



uj{Qq)p{uj{Qq)) \x -xo 



n+s+l 



2^ 



V"-Ro 



z dz 



< 



1 



K 



n+s+l~S 



uj{Qq)p{uj{Qq)) \x -Xo 



\n+s+l-S ' 



(8.7) 



where ^ = ^(y — z) + (1 — 7)(y — 2;o) for some 7 e (0, 1), (5 is a small positive constant 
which is determined later, and in the third inequality we used the fact that for any 
y G Qi^o, ^^) \ {2V^Qo) and z e Qo, 



\{y - xq) - 7(z - a;o)| > \y - xq] ~ \y ~ xq\I2 = |y - xq\I2. 

'-3:o| 
2\AI 



Finally, we estimate G3. For any y e ^(xq, ■^-^)] , by the definition of PI and the 



support condition ?/;, we have 



1 



i" 



P. 



i> 



x-y 
t 



< 



\y-xo\ 



\x -Xo 



n+s 



Thus, from the vanishing condition of a, Taylor's remainder theorem, ()8.6p . Holder's 
inequality, (|2.ip and (|8.8p . we deduce that 



G3 < 4 



Q(xo,i|^)C 



|a(z)||fcj(y-z)-X,'(y-z)|dz 



Qo 



< 



i" 



^ l|a||L«(R") 



*(^) 


+ 

r 


^4, 


^ ^ / 1 


; f^-y\ 


+ 


ps 


i?^+"+l 1 



x-y 
t 



dy 



\z-xo\^ 
a(^) Mn — ; — n— dz 



x-y 



dy 



:c^(Qo)]i/« i" 7q(,„,^^)C \y - xo|"+-+i 



2v^ 
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■4, 



t 



dy 



< 






Q(xo, 1:1^)0 



tP 



x~y 



dy 



1 



t" yQ(^o,l^^)C |y-a:o| 



— Tr,|n + S + 1 



2v^ 



X-y 



dy 



< 



uj{Qo)p{lo{Qo)) i|x-a;o|"+'^ 



pn+s+l 



i?i 



n+s+1 



la: - xo\"+'' yQ(^o,ii^^)C I2/ - a;o| 



;rTT^y, 



< 



pn+s+1 



where ^ = j{y — z) + [1 — "f){y — xq) for some 7 e (0, 1) and in the third inequahty we 
used the fact that for any y e [Q{xo: -^^7^^)] ^^'^ z £ Qq, 

\{y - xo) - j(z - xo)\ > \y-xo\. 

Thus, by ^^, ([53]), ^1}, dH]) and \x-xo\> inRo, we know that 



\rj{a)*Mx)\ 



< 



i?, 



(n+s+l) 




R 



(n+s+l-S) 
■0 



uj{Qo)p{uj{Qq)) I |a;-xo 



n+s+l 



\X-Xo 



\n+s+l-5 



< 



R, 



(n+s+l-S) 




uj{Qo)p{uj{Qo))\x-xo\''+'+^-'' 
which together with the arbitrariness oi tp € I?ji^(M") imphes that for all x G (Qo) , 



6%{r,{a)){x) 



< 



1 



R, 



(ji+s+l-S) 



Take S G (0, 00) small enough such that pis,{n + s + 1 — 6) > nq. By the fact that 



(8.10) 



supp {g%{rj{a))) C Q{xo, i?o + 8) C Q{xo, 9) 

and Lemma [273l i). we know that there exists an 5 e Ag(R") such that 5 = w on Q{xo, 9). 
Let mo be the integer such that 2"'°~^nRo < 9 < 2'"oni?o- By (|8?T0l) . the lower type p$ 
property of $, Lemma l2.3r viii) and p^{n + s + 1 — S) > nq, we conclude that 



h< __ 'P{g%{r,{a)){x))^{x)dx 

Jq{xo,9}\Qo 
rriQ 



1 



R 



(n+s+l-S) 
■0 



^ Aj + inQo\2^nQo \ w(Qo)p(w(Qo)) |a; " OJq | 
mo 



n+s+l-(5 



a;(a;) da; 



n+s+l-S 



w(Qo)^y2^-+i„Qo\2JnQo \ |a; " Xo|"+^+l *_ 



aj(x) dx 
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niQ 



< \ ^ r)k[{n+s+l~S)p^~nq] ^ i 

which together with (|8.2p and (|8.3p imphes (|8.ip in Case 2). This finishes the proof of 
Theorem [ 



Remark 8.4. Theorem EH when w e A\°'=(R") and $(i) = t for ah t e (0,oo) was 
obtained by Tang [IHl Lemma 8.3]. 



Next, we introduce the local fractional integral and, using Theorem 16. 4[ prove that 
they are boundedness from /i^p(R") to L^g(R") when q S [l,oo), and from ft,^p(M") 
to hl^(R") when q £ (0,1], provided that uj satisfies uj "— "-™ e A']°'=(R") for some 
r g (^— ,oo) and J„^[uj{x)]p dx = cx). We begin with some notions. 

Definition 8.5. Let a e [0,n) and (/)o be as in Definition 18.11 For any / e 5(R") and 
all X S R", the local fractional integral l}^"^ (/) of / is defined by 



Definition 8.6. (i) If there exist r e (1, oo) and a positive constant C such that for all 
cubes Q C R" with sidelength 1{Q) £ (0, 1], 

1 /-..., \'/'' / 1 



^Q^jM^)Vd^) <C^j^J^.ix)dx), (8.11) 

then UJ is said to satisfy the local reverse Holder inequality of order r, which is denoted 
by w € RH}."'^ (R"). Furthermore, let RH}."'^ (w) = inf C, where the infimum is taken over 
all the positive constants C satisfying ()8.1ip . 

(ii) Let p, q € (l,oo). A locally integrable nonnegative function w on R" is said to 
belong to the class A'°'^ (p, q), if there exists a positive constant C such that for all cubes 
g C R" with sidelength 1{Q) e (0, 1], 

If \ ^/"^ / 1 '■ • ^ ^Z''' 



where and in what follows, ^ + ^ = 1. Furthermore, let A^°'^ (p, q){uj) = inf{C}, where 
the infimum is taken over all the positive constants C satisfying (j8.12p . 

Remark 8.7. (i) Let r be as in Definition [H;ii;i). If (IHTTj) holds for all cubes Q C R", 
then Lu is said to satisfy the reverse Holder inequality of order r, which is denoted by 
u) e RHr{W^) (see, for example, [TT]). Let p, q be as in Definition IHKii). If (151^ holds 
for all cubes Q C R", then uj is said to belong to the class A{p, q). 

(ii) For any given positive constant Ai, let the cube Q satisfy 1{Q) = Ai. Similarly 
to the proof of Lemma l2.3r i). we have that for any w G i?ifj.°'^ (R"), there exists an 
w e RHr{W) such that w = w on Q and RHr{^) < RHl°'' (w), where RHr{uj) is defined 
similarly to RH^°'^ {uj) and the implicit constant depends only on Ai and n. 

(iii) Similarly to Remark 12. 2f ii). for any given constant A2 £ (0, 00), the condition 
1{Q) G (0, 1] in ()8.1ip can be replaced by 1{Q) £ (0,^2] with the positive constant C in 
(j8.1ip depending on A2. 
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About the relations of A^= (R"), RHl""^ (M") and A'°'= (p, q), we have the followmg 
conclusions. 

Lemma 8.8. (i) Let r e (1, oo). Then uj"" G J^^ (R") i/ and only if uj e RHl°'' (R"). 

(ii) Let a e (0, n), p £ (1, n/a) and 1/q = 1/p — a/n. Then uj G A^""^ {p, q) if and 
onlytfLu-P' eA\°-^,^^{Rn. 

Proof We first prove (i). Let w'' e A^^"" (R"). Then by Lemma OJi) , we know that for 
any cube Q = Q{xo, 1{Q)) with 1{Q) G (0, 1], there exists a function w on R" such that 

w"^ e Aoo(R") and 5 = w on Q{xo, 1). (8.13) 

Moreover, by [UJ Lemma A], we know that 

w'' e Aoo(R") if and only if w e i?iJ.,(R"). (8.14) 

Thus, for any cube Q{xo, 1{Q)) with 1{Q) e (0, 1], by (|8l^ and (|8J4l) . we have 

which together with the arbitrariness of the cube Q{xo, 1{Q)) implies that w G RH^°'^ (R"). 

Conversely, let w € RH^°'^ (R"). Then by Remark l8.7f ii). we know that for any cube 
Q{xo,l{Q)) with 1{Q) e (0, 1], there exists a function w on R" such that uj G i?i/,.(R") 
and w = a; on Q(xo, 1), which together with (|8.14p and the arbitrariness of the cube 
Q{xo, 1{Q)) implies that uj £ Aj^'^ (R"). This finishes the proof of (i). 

By the definitions of A^°'^ {p, q) and A^°^ , , (R"), we see that (ii) holds, which com- 
pletes the proof of Lemma [ 



To establish the boundedness of local fractional integrals, we need the following tech- 
nical lemma. 

Lemma 8.9. Let a e (0,n), p g (1, ^) and - = - — ^- For some r e (g, oo), if 

LO-'-' e A'- {q'/r', p'/r'), 

then there exists a positive constant C such that for all f G Lj^p(R"), 

||/r(/)|L,^(«„)<qi/IL^,(«-.), (8.15) 

where p' , q' and r' respectively denote the conjugate indices of p, q and r. 

Proof. Let uj^^ e J^°'^{q' /r' , p' /r'). For any unit cube Q C R", from Lemmas I8.8f ii) 
and I2.3f i) , and Remark 12. 4[ we deduce that there exists a function w on R" such that 
uj~'^ € A{q' /r\ p' /r') and uj — ijj on 5Q. For w^'" £ A{q' /r' , p' /r'), similarly to the proof 
of [H Theorem 2], we know that for all / G i^p(R"), 

Il^a''(/)||L?,(K") - ll/IU?p(R")' 

which combined with the definition of /^"'^ (/) implies that 

IKa°''(/)|L%(Q) = IK"°''(/^5g)||ig^(Q) < II /XSQ || L^^ (R") ^ II/IIl^j,(5Q)- (8.16) 
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Take unit cubes {Qi}£i such that U^^Qi ~ M", then- interiors are disjoint and 

oo 

J2X5Q. <M, 

i=\ 

where M is a positive integer depending only on n. From this and (|8.16p . we infer that 

oo oo 

||rloc/^N||9 — 'S^ ||/^°'=('f^||'' <'S^llfll'' <llfll'' 

Ira >-•''' II L;i,(R") - Z^ Ira ^^l\\Ll^{Qi) ^ 2^\\^\\Ll^{bQi) - H^ H L^p(R") ' 

which implies (|8.15p . This finishes the proof of Lemma 18.91 ■ 

Theorem 8.10. Let a £ (0,n), p e [^^, 11 and i = i - ^. For some r £ (^^,oo), if 

the weight uj satisfies w"'—"-'-" G A]°'^ (R") and J^n[uj{x)]^ dx — cxd, then there exists a 
positive constant C such that for all f G /i^p(IR"), 

Proo/. Let r e (;7r^,oo) and w satisfy uj "-"""-- G A'j°'= (R") and /jj„[a;(a;)]Pda; == oo. 
Then by 

and Lemma [T^ ii'). we know that there exists an 771 G (0, 00) such that 

uj Z-^-ll e4°''(R"). (8.17) 

Let 

1 ^ ct f ^ ^ Oi\ I, N , 1 1 Q! ^„ , „x 

— = - + - + 1 / 1 + 771 and — = . 8.18 

pi r n \ r n J qi pi n 

Then by r G (^—,00), we know that 

Pi G (1, ^) , r > qi and l,-''' G A'°^ (^, ^] . (8.19) 

Furthermore, from ()8.17p . the fact that pi < "_ _^' and Holder's inequality, we infer 
that 

wPig4°'(R"), (8.20) 

which together with Lemma I2.3f ii) implies that there exists an 772 G (0, 00) such that 
^Pi(i+'72) g A\°"(K"). Let 

g = pi(l + 772). (8.21) 

By „r-n-ra > P ^^d Holdcr's inequality, we see that ujP G A\°'' (R"). Let s = [n(l/p-l)J . 
To show Theorem [HUni by the facts that /i^p(IR") and L2,9(R") are respectively p-quasi- 
Banach space and 1-quasi-Banach space, and Theorem 16.4( 1) with $(i) = t^ for all 
t G (0, 00), it suffices to show that for any (p, q, s)^p-atom a supported in Qq = Q{xq, Rq) 
with i?o e (0,2], 

II T^°C(r,\\, 

Il;^,(R") 
By supp (a) C Qo and the definition of P°'^ (a) , we see that 

supp (/i°^ (a)) c Qixo, Ro + 4). (8.23) 

Now, we prove ()8.22p by considering the following two cases for Rq. 



^a°'(«)||.' rRM;$l- (8-22) 
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Case 1) Rq e [1,2]. In this case, from (I8.23p . Holder's inequality, (|8.19p . Lemma 
i?o e [1, 2] and I - J^ = i - ^, we deduce that 

^ 1/9 



[jQ(xo,-R.o+4) J 

<l|a|lL-,(E")IQoP"". (8.24) 

By ([QUI and the definition of ^'j°'= (M"), we know that w^T^rr g A']°'= (M"). From this 
and Lemma [HlHi), we infer that uj^ G RH^°^^^_p^ (R"), which implies that 

^_1 J, 4 

1 P \ f Pl(g-P) I PI 9 1 _ 1 



a;(a;)]Pda;^ < [uj{x)]^'^^^ dx\ <\Qo\~^^- (8.25) 

This, combined with (|8.24p . Holder's inequality and the fact that a is a {p, q, s)i^p-atom, 
yields that 



1 1 



< / \aix)\^Ljix)]Pdx\ / [L^(x)]T5=HTd:El \Qo\-^-- 

( r '\ 9~p f /■ pi(g-p) 1 pT i 11 

<<^/ [Lo{x)Ydx\ I [lo{x)]'T^''^ dx\ |QoP"^<l. 

This shows IK^ in Case 1). 

Case 2) Ro G (0, 1). In this case, let Qo = 4n(3o- From ()8.23p . it follows that 

IK^(«)|L%(M")^|/- |/r(a)(^)rKa;)]''da:j 

\ 1/g 

|/r(a)(a:)nc.(x)]^dx 

(ko,-Ro+4)\Qo J 

= Ii+l2. (8.26) 

To estimate Ii, by Holder's inequality, (|8.15p and (|8.25p . we conclude that 

Ii < (J |/^(a)(x)|'^ Mx)]'^^ dx) ' |QoP~- 

, . 1 ' P f /" Pl(?-P) 1 PI 9 11 

< <' / [oj{x)]Pdx[ I [w(x)]^?^HTda;^ IQol^"" < 1- (8.27) 

To estimate I2, for any fixed x € Q{xo,Ro + 4) \ Qq, let i?* be the Taylor expansion 
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of |j„_Q about X — xq with degree s. Let niQ be the integer such that 

2"°-ini?o < i?o + 4 < 2"">nRo. 
Since w^ g ^'1°'= (M") C vlli"^ (R"), by dH]), we have 



[a;(a;)]Pda; 



4 — 1 



[L^(x)]--da; < / [^(x)fdx) |go|. 
Qo / V-'Qo 



From this, the vanishing condition of a, Minkowski's inequahty, Taylor's remainder the- 
orem, the fact that 



E 



d^ (ML ) (,) 



< 



1 



|n+s+l — a 



aeZ'^, \a\=s+l 

for all z E M" \ {0}, and Holder's inequality, we deduce that 



i^^ E, 



Ix-yl' 



-E\x-y) 



•^\a{y)\dy\ [u{x)r dx] 



Mx-y) 



\x-y 



-^-E'ix-y) 



\ 1/9 

u)[x)Y' dx > dy 



<E/ i«(2^)i / 

•mo „ ( . 



fe=2 

x[a;(a;)]'' rfa; > dy 



\v-xq\ 



^E/ K^)i / 

k=2''Qo [J2'' + ^nQo\2''nQo 



'' ?n-J '[^(^)]^^4 ''^^ 



Ix-xqI 



^^0 Da— n 



< 



fe=2 

Kr, 



^ E .M».° .1-.) i L i«(^)i^^M U.„,J'^(-)]''^- 



1/9 



E 

fc=2 



'■o 



2fc(n+s+l-Q) 



X / [w(y)]-P?/?dy 



aiy)\^[u;{y)r dy 
1/9' 



1/9 



'0 

mo 
fc = 2 



r?a 



2'= + iriQo 
1/p 



[w(x)]'?dx 



[w(a;)]P dx 



2fc + inQo 



1/9 



[u{x)]''dx 



1/9 



.28) 



where S (Oj 1) and in the fourth inequality we used the fact that for any y G Qo and 
X g 2^+^nQQ \ 2^nQQ with fc g {2, • • • , mo}, \{x - xq) - 0{y - xo)\ > \x - xo\- 
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From "'•<^+''^^ = ^^2i_ > ^:2_ ([gTfl) and Holder's inequality, it follows that 

nr—n~ra r — qi r — q ' ^ ' ^ -^ ' 

w^ e4°'(R"). (8.29) 

By Lemma F2.3f i) and Remark 12.41 with G = 20n, we know that there exists a function 
uj on M" such that w'^^ e j4i(M") such that a; = oj on Q{xq, 20n), which together with 
2™"+^n(5o C Q(xo,20n) and Lemma IT^ viii) implies that for any k e {1, 2, • • • , toq}, 

[w(x)]^da;= j p(x)]^da;<2'=" /" [w(a;)]^ da; < 2*^" /" [lo{x)]^^ dx. 
By this estimate and Holder's inequality, we have 

[Lo{x)ydx\ <Rl'"2^\ [uj{x)]^^dxY \ (8.30) 

Moreover, by (jS:^ and LemmalHSlJi), we know that ujP E RH ^°% (M"). Thus, we have 

p{-r-q) 

[uj{x)]Pdx\ \ [uj{x)]^dx\ <Ro'' ", 

which together with (|8.28p and (|8.30p implies that 

mo 
fc=2 

From i = i — ^ and r > — ^^, we deduce that n + s + 1 — a — nlq > n + s + 1 — n/p, 
which together with s = [n(l/p — 1)J implies that n + s + 1 — a — n/q > 0. Thus, 

mo 
T < Y^ 2^'=("+-'+l^"~"/9) < 1 

fc=2 

This combined with (|8.26p and (|8.27p proves (|8.22p in Case 2), which completes the proof 
of Theorem Hini ■ 

Theorem 8.11. Let a e (0, 1), p e (0,;^] anrf i = i - ^. For some r € (;;;^,oo), if 
the weight uj satisfies oj"'— "-"-q g A^f"^ (M") and J^„[uj{x)]p dx — cx), i/ien there exists a 
positive constant C such that for all f G /iJ^p(M"), 

Proof Let pi, qi and q be respectively as in ()8.18p and ()8.2ip . To show Theorem 18.111 
by the facts that /i^p(K") and /^-'^(M") are respectively the p- quasi- Banach space and 
the g-quasi-Banach space, Theorem I6.4( i) with $(i) = t^ for all t G (0,oo) and Theorem 
13.141 it suffices to show that for any (p, q, s)tjP-atom a supported in Qq = Q{xo, Rq) with 

i?oe(0,2], 

||e5^(^r(«))IL.,(„.)<l- (8.31) 

By supp (a) C Qo and definitions of P°'' (a) and G%{l}^'^ (a)), we know that 

supp {g%{ll^' (a))) c Qixo, Ro + 8). (8.32) 

Now, we prove (|8.3ip by considering the following two cases for Rq. 
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Case 1) Ro G [1,2]. In this case, by ((5Tf|) . the fact that Z'^n-rl > 1^ ^^^^ Holder's 
inequality, we know that w^i e A']°'=(M"), where 771 is as in (|KT7)) . From this, (|0^ . 
Holder's inequality. Proposition 13. 2f ii). Lemma [8.91 and (|8.25p . it follows that 

''O / t\oc 



g%ill°^a))ix)\'Mx)]'^dx 



q/qi 



< \Qo\'-^ / \g% (^r(«)) i^T M^)r dx 

[Jq(xo,Ro+8) J 



<\Qo 



1-^ 



191 



{xo,B.o+S 



ll,°^a)ix)rHxW^dx 



< 



\Qo\''^\f \a{x)rHx)r 

\a{x)\^[uj{x)]P dx 



dx 



q/pi 



<IQo|'"- 



Qo 



\ PI q J'i 



<^lOoP"^ ( / [L0{x)Ydx 
fQo 



1_1 
q p 



q/q r r ,- ^ ~ /i-i^ 

[i^{x)] "-"^ dx 
Qo 

Pl(g-P) \ PI 9 

u}{x)] '-"i da; f- ^ 1, 



which proves (|8.3ip in Case 1). 

Case ^J i?o £ (0, 1). In this case, let Qo = 8nQo. Then from (I8.32p . we conclude that 



[G%{l':'a){x)]''Hx)]Ux^ I [gl{li°^a){x)]'[uj{x)]Ux 



• = Ii + I2 



(8.33) 



Q(xo,_Ro+8)\Qo 



For Ii, similarly to the proof of Case 1), we have 



Ii < 100^" / K (^r («)) i^)Y' H^W dx 
UQo 

( r ~\ q/q 

<IQor-" / \l'°^{a){x)\''[u:{x)rdx 



9/91 



<|Qo|'"- / \a{x)\P'[u{x)Y^ dx 
<IQor""|/ Hxmuj{x)Y dx 

UQo 

_i _ j_ 

"q p 



q/pi 



q/q 



[uj{x)\ 9-pi dx 



( — -i)9 



<<jlQo|'"^( / [w(a;)]Pd:El ( / [u(x)]^''^^ dxY' f ^ 1- (8-34) 

To estimate I2, let a; e (Qo)^ V" € 2?^(R"), t e (0, 1) and P^ be the Taylor expansion of 
V' about {x — xo)/t with degree s, where s = [n(l/p — 1)J . Then we have 

1 



P°^a),Mx) 



t" 



/r(«)(y)V'(^) dy 
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'x-y 



C^(«)(y) 



^ 



ps 



< 



2V^Qo 



lT{a){y)\ 



i, 



t I '^ 
x-y 



x-y 
t 



dy 



t 



ps 



x-y 
t 



dy 



1 



1 



^" Jq(^xo,^^^^^)\2^Qo *" JlQi 



2V^ 

El + E2 + E3 



2v^ 



To estimate Ei, by a; G (Qo) and t G (0, 1), we see that Ei 7^ implies that t > 



(8.35) 

\x-xo\ 



From. 



e A\°'' (R") 



and the definition of A^"" (R"), it follows that uj £ A^°'= (R"). Let ga = ^^^. Then by 
w G A'i°'= (R") C A^°^ (R") and Lemma Elljiv) , we know that w"'?! = w^^^^ e A''?'^ (R"). 



From these facts, Taylor's remainder theorem, Holder's inequality, Lemmas l8.9l ancl [273l v). 
Remark El with C = 2^, (fS^ and (12^ . we infer that 



Ei<T;r^j^||/r(«)|L.. 



^n+s+ 



Qez",|Q|=s+i-^2ys:go 



a"V 



9l 



x|y-:Eo|(^+^)'^[c^(y)]-'^d2; 






< 



< 



i?, 



s+l 



|x-a:o|"+'*+i 



i?, 







F -^0 



n+s+l 



2V^Qo 



\a{x)\''[uj{x)]Pdx 



Hy)]-"^ dy 



iM 



Qo 



1/9 



Pl_(9-P) 



PI Q 



Hy)]-"' dy 



Qo 



i/«'i 



< 



< 



R, 



s+l 




\X- Xq 

ys+1 



n+s+ 



t\Qo 



_1 1_ 

91 q 



Hy)]-'' dy 



R. 



\x -xo 



^.rn+TlQor-^ 



Qo 



essinf io(z) 
zeQo 



l/9i 



(8.36) 



where 7 G (0, 1) and ^ = 7(2: — y) + {l—j){x — xq)- Similarly to the estimates of G2 and 
G3 in the proof of Theorem 18.21 we have 



max{E2, E3} 



< 



pn+s+l 

-"-0 in |-i/p 

In+s+l-a 1^01 



essinf lu(z) 
zeQo 



\x- Xo\ 

Thus, from ((g35t . ((g3^ . ([^37]) and the facts that \x - xo\ > 4ni?o and i - ^ " 
deduce that 



.37) 



p n ' 



[/r(a)]*^,(x)| 



< 



|a;-xo| 






essinf w(z) 
zeQo 
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pn+s+l 



essinf ll)(z) 
zeQo 



< 



K 



.n+s+l 



|a;-xo|"+^+i-"'^°' 



-i/p 



essinf uj(z) 
zeQo 



which together with the arbitrariness of ■(/; G 2?}(^(R") implies that for any x £ (Qq 






el^(/r(a))(-)<^3^^p5TT^IQo| 



-i/p 



1 -1 



essinf w(z) 



(8.38) 



By s = [n{l/p — 1)J and i = ^ — — , we know that (n + s + 1 — a)q — n > 0. Let mo be 
the integer such that 2™°ni?o < -Ro + 8 < 2'"«+ini?o- By 

^ "-"--° e 4°^= (R") 

and the definition of 74^°^= (R"), we see that cj"? e A^^"" (R"), which together Lemma OJi) 
inrplics that there exists a function tj on R" such that w = w on Q(xo,Ra + 8) and 
w? e Ai(R"). From this, - = - - f , (|5351) . (i) and (viii) of LemmaHSl the definition of 
^loc (-jgn^ g^j^j (n + s + 1 - a)g - n > 0, we infer that 



Is< 



Q(xo,flo+8)\Qo 1 k-2:o| 



nn+s+1 

^0 in |-i/p 

n+s+l-a 1*^01 



essinf iu;(z) 
zeQo 



[w(a;)]«dx 



, ,, , I (ok jy„\n+s+l — a 

''+^nQo\2''nQo I l^ -f^OJ 



mo 

fe=3 
mo 

< V ^ 



R, 



i+s+l— n/g— a 







essinf uj(z) 
zeQo 



-n 9 



[w{x)]'^dx 



Rn 



R. 







IQol 



fe=3 

mo 

< V 

fe=3 
mo 

fc=3 



essinf cj(z) 
zeQo 



essinf w(z) 

zGQo 



[w(a;)]« dx 



essinf [^(z)]'^ 
zeQo 



which together with ()8.33p and ()8.34p implies ()8.3ip in Case 2). This finishes the proof 
of Theorem EUl ■ 



The pseudo-differential operators have been extensively studied in the literature, and 
they are important in the study of partial differential equations and harmonic analysis; 
see, for example, [IHl [SD US [SO]. Now, we recall the notion of the pseudo-differential 
operators of order zero. 

Definition 8.12. Let ^ be a real number. A symbol in S'°_5(R") is a smooth function 
(j{x, ^) defined on R" x R" such that for all multi-indices a and /3, the following estimate 
holds: 



where C'(a, l3) is a positive constant independent of a; and ^. Let / be a Schwartz function 
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and / denote its Fourier transform. The operator T given by setting, for all x £ M", 

is called a pseudo- differential operator with symbol a{x,£^) G S'5'^(R"). 
In the rest of this section, let 

(/.(t) = (1 + i)" (8.39) 

for all a £ (0, oo) and t e (0, cx)). Recall that a weight always means a locally integrable 
function which is positive almost everywhere. The following notion of the weight class 
Ap{(f>) was introduced by Tang [SU] . 

Definition 8.13. A weight uj is said to belong to the class Ap{<j)) for p £ {I, cx)), if there 
exists a positive constant C such that for all cubes Q = Q(x,r), 

^ ^ uiy) dy) (-jvj^ [ My)]-^ dy) < C. 



M\Q\)\Q\Jq '"' V \^{\Q\)\Q\Jq' 

A weight Lo is said to belong to the class Ai (0), if there exists a positive constant C such 
that for all cubes Q C M" and almost every x e M", M^{lu){x) < Cuj{x), where for all 

M^{u}){x) = sup ———- / \fiy)\dy, 
Q3X (P{\Q\)\Q\ Jq 

and the supremum is taken over all cubes Q C M" and Q 3 x. 

Remark 8.14. By the definition of Ap{(j)), we see that Ap{<j)) C Ap°''(M"), and that 
(f>{t) > 1 for all t e (0, oo) implies that Ap(R") C Ap{(f)) for ah p e [l,oo). Moreover, if 
to G Ap{(f)), uj{x) dx may not be a doubling measure; see the remark of Section 7 in [49j 
for the details. 

Similarly to the classical Muckenhoupt weights, we recall some properties of weights 
U! e Aoo{(j)) = Ui<p<oo^p(0)- The following Lemmas 18.151 and 18.161 are respectively 
Lemmas 7.3 and 7.4 in |49) . 

Lemma 8.15. (i) If I <pi < P2 < oo, then Ap^((/)) c Ap^ (</>). 

(ii) For p £ (l,oo), u £ Ap{(j)) if and only ifuj^p^^ £ Api((j)), where l/p+ 1/p' = 1. 

(iii) If oj £ Ap{(f)) for p £ [l,oo), then there exists a positive constant C such that for 
any cube Q C M" and measurable set E C Q, 

\E\ ^^fcoiE)^'^' 



^{\Q\)\Q\ - \LoiQ), 

Lemma 8.16. Let T be an Si o(^") pseudo-differential operator. Then for uj £ Ap{(j>) 
with p £ (1, oo), there exists a positive constant C{p, io) such that for all f £ L^(W^), 

l|r/||LP(R-) < C{p, a;)||/||iP(R„). 

The following Lemma [8. 171 is just [IHl Lemma 6]. 
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Lemma 8.17. Let T he an 5"° 0(1^") pseudo-differential operator. If ip e ^(K"), then 
Ttf = ijjt * Tf has a symbol at which satisfies that 

|9fa|'a(x,0|<C(a, /3)(l + |^|)-l"l, 

and a kernel Kt{x, z) which satisfies that 

|5f9,"ift(a;,z)|<C(a, /3)|z|-"-H, 

where C{a, /?) is independent oft when t € (0, 1). 

Now, we establish the boundedness on /iJ(R") of the Si o(K") pseudo-differential 
operators as follows. 

Theorem 8.18. LetT be an S^ o(]R") pseudo-differential operator, $ satisfy Assumption 
(A), u! £ Aoc,{4>) and p^ be as in (j2.6p . If p^ = pj and $ is of upper type pj, then there 
exists a positive constant C($, uj), depending only on $, q^^ and the weight constant of 
A^{(j)), such that for all f € /i*(K"), 

||r/|^*(K„)<C($, C^)||/|U;(R„). 

Proof. Since uj G Aoo{4>), then w € Aq{<j)) for some q € (l,oo). To prove Theorem 18.181 
by the fact that w e Aao{(l>) C A]^"" (K"), Theorem [n3i;i) and Theorem [331 it suffices to 
show that for all (p, q)tj-single-atoms and (p, q, s)^-a,toTas a supported in Qo = Q{xo, Rq) 
with i?o € (0,2], 

||g^(ra)||^,^^„^<l. (8.40) 

By Theorem l5.61 we may assume that s satisfies {n + s + l)p$ > nqi^{l + a), where p$, qi^ 
and a are respectively as in (|2.6p . (|2.4p and (|8.39l) . 

First, we prove (I8.40p for any {p, q)^-single-atom a 7^ 0. In this case, a;(M") < 00. 
Since $ is concave, by Jensen's inequality. Holder's inequality. Proposition I3.2f ii) and 
Lemma [HH] and ^^ with i = w(M"), we have 

^{g%{Ta){x))uj{x)dx 






< w(R")$ I , _ ,,,, IITq 



(M^ii^«ii-'(-)) ^-(^")'^ (rm^ii«ii-'< 



< w(R")$ 



1 



^a;(M«)p(w(M"))^ 
which shows (|8.40p in this case. 

Now, let a be any (p, q, s)(^-atom supported in Qo = Q{xo, Rq) with i?o G (0,2]. 
Let Qo = 2Qo- Then from Jensen's inequality, Holder's inequality. Proposition I3.2f ii'). 
Lemma FS-lGi Lemma FS.lSf iii) and (|2.8p with t = ci;(Qo), it follows that 

'^ ^{gl{Ta){x))uj{x)dx 
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< uj{Qo)<P I —L- f g%{Ta){x)oj{x)dx] 
\uj{Qq) JQo J 

<u;{Qo)<^l } (/ [g%{Ta)ix)Yu;ix)dx'' 



^(Qo)^ \\Ta\\ri(Kn) I < uj(Qo)^ ||a||r<!|-R„\ 



<w(Qo)$|^ — ^ — ^1-1. (8.41) 

\co{Qo)p{co{Qo))J 

For any tA e X'^(R")andt e (0, 1), let Xt(a;, a;-z) be the kernel of Tta(x) = ipt*Ta{x). 
To estimate /r„\q ^[g%{Ta){x)]uj{x) dx, we consider the following two cases for Rq. 

Case 1) Rq € (0, 1). In this case, we expand Kt{x,x — z) into a Taylor series about 
z = xq such that for any x G (M." \ Qo), 

Tpt *Ta{x) ^ / Kt{x,x — z)a{z)dz — i 2_, {d'^Kt){x,x — ^){z — xo)°'a{z) dz, 

where ^ = 6*2 + (1 — 9)xq for some 9 e (0, 1). By z, xq G Qo, we know that ^ e Qq. Thus, 
for any x E (M" \Qo), \x — £,\ ~ |a; — xo|. From the above facts and Lemma [8.171 we 
deduce that 

which together with the arbitrariness of ■(/; G 2?j^(IR") implies that for all x G (M" \ Qo); 
G%{Ta){x)<\x~xor^''+'+''>\Qo\'^\\ahHR^y 

This, combined with Holder's inequality, Lemma I8.15r iii) and the definition of Ap ((/>), 
yields that 

^ <i>{g%{Ta){x))ij{x)dx 
AQo 



<C / $(|Qo|'^|a;-xor("+^+i)|la|U,(K„) 

jR"\Qn ^ 



AQo 



jr"\qo V '^(Qo)p(w((3o))y 

riA^Qo V w(Qo)/3(w(Qo))/ 



{mo ;. 



<c^y:/ .(i«„|*,..«,-<-«._^^^i«^ )„,.,.. 
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+ E / ■■■\^Cih+h), (8.42) 

where the integer mg satisfies 2™""^ < -^ < 2™". 

To estimate Ii, for any k G {1, 2, • • • , toq}, by the choice of toq and i?o G (0, 1), we 
know that 2'^Rq < 1, which, together with Jensen's inequahty, the lower type p$ property 
of $, Lemma FS-lSf iii) and the fact that {n + s + l)p$ > nq{l + a), implies that 



mo , _. „ 



2-fc(«+^+i){^(Q„)p(^(gQ))}-i^(a.)rfa. 



^0 

™0 fnkr^ \ '"0 



fe=l ^Woj ^^j_ 



)p<i> 



mo 



< y^ 2^'''[("+'*+^)P*~"'?l < 1. (8.43) 

k=l 

For I2 , similarly to the estimate of Ii , we have 

l2< f; ^(2"Qo)$ ( ,„fc^ , / 2-'=("+^+i){c.(Qo)p(c^(Qo))}-'^(x)(ix 

fe=t^+l V^(2^Qo)y2'=Qo 

fc^mo + l Wo) fc^mo + l 

00 

< y^ 2^^[t^+^+^^?'*^^("+i)] < 1 

fc— mo + 1 

which together with ([Qg)) . ((5:1^ and (|5:iT|) implies (ISTiP)) in Case 1). 

Case 2) Rq £ [1, 2]. In this case, for any x € (M" \ Qo) and 2: € Qo, we have 

|a; — z| ^ |x — xo\ 

and jx — xqI > 1. From this and [46, p. 235, (9)], we infer that for any positive integer M, 
there exists a positive constant C(M) such that 

\Ktix,x - z)\ < C{M)\x ~ xo\-^ , 

which implies that for any x E (M" \ Qo), 

\i{}t*Ta{x)\= / \Kt{x,x- z)a{z)\dz <\x~ xo\^'^^\\a\\L^Rr,y 

This, combined with the arbitrariness of t/j e 'D%{W"'), yields that for any x G (M" \ Qo), 

G%iTa){x) <\x~ a;or*^||a|Ui(K.). (8.44) 

Take M > ""^^ ' . By Jensen's inequality, ()8.44p . Holder's inequality and Lemma 
I8.15f iii). we have 

^ <^{g%{Ta){x))uj{x)dx 
•\Qo 



< I <^{\x-xo\ ^'^|la|lii(R„))w(x)da; 

^K"\0o 



78 D. Yang and S. Yang 

< V /■ $ [(O'^R )-M H\Qo\)\Qo\ 

oo , 

^c<.(2'^-Qo)$((2'^'i?o) 



oo ^ 1 

< \ ^ , .fokn A<T. I Ink D \ — M 



fe=i '^(^o) fe=l 

oo oo 

<; ST^ 2-HMpii.-nq{l+a}] r>-{Mp^-nqa) ^ V^ 2-fe[A^P'i'-"9(l+")l < 1 
r^ / J ^^ / J r^ ' 

fe=l fe=l 

which together with (|8.4ip imphes (|8.40l) in Case 2). This finishes the proof of Theorem 

Km m 



Remark 8.19. Let p e (0, 1]. Theorem l8T8l when w = 1 and $(i) = tP for ah t G (0, oo) 
was obtained by Goldberg [THl Theorem 4]; moreover, Theorem 18.181 when $(i) = t^ 
for all t e (0, oo) was obtained by Tang [JHl Theorem 7.3]. Also, Theorem 18.181 when 
w e Ai(R") and $(i) = t for all i € (0, oo) was obtained by Lee, C-C. Lin and Y.-C. Lin 
[21 Theorem 2]. 

By Theorems miH] and [LSI W, p. 233, (4)] and the proposition in [46l p. 259], we have 
the following result. 

Corollary 8.20. LetT be an Si o{R^) pseudo-differential operator, $ satisfy Assump- 
tion (A), Lo G Aoo{<f) and p$ be as in ()2.6p . If p<s> — P$ and $ is of upper type p'^, then 
there exists a positive constant C($, w) such that for all f G bniOp_tj(K"), 

l|T/|lbmo„.(E")<C7($,C^)||/||bn.o,.„(K"). 
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